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I T having been aſſerted that the method exhibited in Mr. Loncxa's 
Diſſertation on Con verging Series is not only entirely new, but much 
more general than any other which has hitherto appeared on the 
ſubject ; I wiſh the intelligent analyſt to recollect the contents of the 
Mathematical D:ſſ;rtations of my deceaſed friend, Mr. Trowas 
SIMPSON, wherein is pointed out, a very ready method of computing 
the ſums of a great number of ſuch ſeries, comprehending, at leaſt, 
all that can be done by the method exhibited with ſo much oftentaticn 
iu th: Tranſlation of Mr. LoxcGxa's book. 

Mr.) Strso0N having not given a full explanation of the method 
I allufle to, by a formal and diffuſe application of it, in the 
ſummation of particular ſeries, I intend to explain it farther, and to 
endeavour to ſhew, that, as it is not leſs general, it is alſo not leſs 
elegant (indeed I efteem it much more fo) than Mr. Lozexa's boaſted 


method. 


1 2h 


J. 


It is ſhewn by Mr. Siuesox, at page 87 of his Di. cations 
above-mentioned, that the ſerics 


cde(p)x Px" 4 £32: d+n. e+#.(p) x b 
5 t (% ri) „ũ 24. 5+#. t+n(q+1) 
c ＋ 2A. G2. e+2n(p) x Pr -K. . 
122. $+2n. t+2n(q+1) 
will be = AS+BS4+CS+DS (q+1)3 
A being = =" d=re=r @ BZ ind 4. = N, 


—— — ͤ—— ꝓ—y—ę— — — 
— 


r. 7 r. 9) 1. 1. (01 
ct. d-t.e—t(p) ; 
5 7. =. v 1000 (17503 

p not greater than 43 
£ s, t, v, &c. any unequal numbers; 


— „ PA- 
r T rr r+38 


133 Lr. Pani Þ .. 


| s 5+ S2 S+3% 
P x» px P xmr+2n P x3 


&c. 


3 24 3 
* 4 v t+n t +21 t+34 
(q+1) (271). 


But it is obvious, (as obſerved by Mr. Styirsox, at page 147 of 
nis Diſſertations,) that when x 15 = a, 


the ſeries S is = a*— XxX &J „ -=, 
S = e"—"xflyxi="—"x, 


S Sa. =, f.yar=n—=x, 
171) (1711); 
being 


| 
1 


| 
| 


1 


y being = PX + P xt: + br Per Kc. 
and the fluents being generated whilſt x from o becomes = a. 
Therefore, when x is = a, 


the fries Gill be = 0 M LE. on Ee EEE E HS), 
x *+' 4 4 2 


generated in the time juſt now mentioned. 

The illuſtration of this general theorem, and particularly the 
deducing corollaries therefrom, exhibiting comparative concluſions, 
with reſpe& to Mr. Lorexa's propofitions, will be the principal 
buſineſs of the following pages. | 


Not.. Mr. Stvipson has remarked, that it may ſometimes be of 


uſe to recolle@, that 
- 


- AMY: A" B E - 2 Bx- "OY 
X* n 2 . 


If y be taken 


#4 1 
m will be = , 1 = a 1, P „ PK, Pas 5, &c. 
and we ſhall have 


=£4eD) + c+1-d4+1.e+1 (p)*8 482 A+2.e+2 (p) x a* : 
rSt(q+1) Tir 5+1.7+1 (q+1) T+2.5+2, 1+2(9+1) 


+ £+3- d+3-e+3 p XA "oY GEES 
1743. 743. 173 (4711) 
x ' 4238 4 0 
bl 


9 — pw t 
I Fx a a =; 


generated whilſt x from o becomes = 4. 


11 5 


A, B, C, &c. p, 4, 7, 5, t, &c. being as in the preceding article. 
Before Ihrocecd to deduce the intended corollaries, it is neceſſar: 
o obſerve, that, hen =, r, 2 —7,, &c. are poſitive integers, 


gay yr 
— is X - - -N A0 (5-7) += 


6 120 1K 
& — 1 + +2 1 
aw covet eee oo rf Cle — 
m4 -K —X K 1 (f-7) + 12 
(271) (171); 
and . = AA B TCT 52 (q+1) x G 
I a 42 42 
8 +1 . 742 * 773 
I " 5 42 a * 
-Ca * * r+1 172 * r+3 <9) 
I a 42 2 
- Da * * + +1 7 ＋ 2 773 V-r) 
&c. 


the upper fign taking place (where there are double ones) in the 
ſeries a; 


3 


and G being put to denote the fluent of — , 


generated whilſt x from e becomes = a. 
Therefore, if @ be a root of the equation, 
Aa TBA TCA Da- (q+1, Se, 
and 3 = r, tr, v—r, &c. poſitive integers, 
the value of the ſeries & will be aſſigned in algebraic terms. 


(Sce the final remark.) 


It follows from what Mr. Stvesow has obſerved at page 77 of his 
P:ſſertations, that, if p be leſs than 4, A+B+C+D (2721) 
will be s; and that 1 will then be a value of à in the equation 

Aa 


„ 


{ 5 J 


Aa- TBA TCT) . Conſequently, if =, tr, v, 
& c. be even poſitive numbers, — 1 will alſo be a value of @ in that 
equation. Beſides which values, @ may (in that equation) have others, 
that may be determined when the particular values of , -r, vr, &c. 


are given. 


It may be obſerved, that our theorum, (which in general com- 
prehends a great deal more,) now y is taken of the particular value 
I 


17x 
his IXth ſection; (of which I ſhall take ſome notice by and by ;) but, 


to make the uſe of the theorem (when y has that value) more clearly 
underſtood, I ſhall adapt it to the purpoſe of moſt of the ſections 
of that gentleman's book; and ſubmit it to the mathematical world 
to determine, upon comparing theſe Obſervations with that author's 
Diſſertation, whether either he, or his commentator, has any great 


reaſon to boaſt of ſuperior elegance and fimplicity. 


,» compriſes all the ſeries in Mr. Lonxexa's work, except thoſe in 


CoroLLary I. If p be = e, and 2 = 1, A will be = — : 
— 


B ; C, D, E, &c. each =0: and our theorem, adapted to 


* 


che purpoſe of Mr. LoxexA's ſecond ſection, will be 


7 
Q = —= — + 08 = he. 
75 Yo+l.5$+1 T2. $+2 773. $+3 
1 | 2 go Ray 8228 
— 7 . —ͤ —kñů— — 5 
322 IA a” a * 


generated whilſt x from o becomes = 9. 


LS 1 


and &, in the equation a— — 4” g, or 4—"—1 =06, berg=1; 
the ſeries Q, when @ has that value and 5—r is any ſuch integer, 


: , = r): 


will be x = + + 
S—-r r 141 T+2 
Iſo, — t being a value of @ in the ſame equation (a — — 1g 0), 
hen = zz an even poſitive number; the ſeries &, when @ is 
therein taken =— 1, and 5— YT is any ſuch number, will be 


=_{ — : * an_ (s —7). 
S—Y FEY EDS EDDY 


- — — — — 


In other caſes, the value of d will be aſſigned by circular ares 
and logarithms. 


Example I. With reſpect to the ſeries 


1 1 1 1 


— & 22 — 
r. 33 Tint e, 745777 77 


S—ris = 3, and Curt. 


FF F+13 F+23 


Example II. If the ſeries whoſe ſum is ſought be 


6 8 Kc. 3 ; 
r. TT 2 r+1.7+3 r+2.7+4 r+3.r+5 


er will be Z 2, and .= e e 


2 1 415 


Ex III. The ſeri WS : — — - — 2042 
amp! e i fr 2 2 &c. (S 
being propoſed to be ſummed ; 


I 


r 


we have r = 1, and Q= 


Kr be = ,c=£5+ £5 + £5. ente 
5 2.7 7+ 12 12.17 2 


and 


3 


and conſequently „ ode . & af: 
. 2. 5 
Example IV. . find () the ſum of the ſerics 
cnn Se 4 aaa ot 
. 32 „ 20. 80 
r muſt be taken 2 , 5 = © ; and we ſhall have 
3 3 
SEN x Ion * 4 Bs I 
Q= 7 Nr. 2 H. 14 * 


generated whilſt x from e becomes = 1 : 
which fluent, by Theor. XV. of my Vth TazLE, is == ; 
S denoting the ſemi-circumference of the circle whoſe rad. is 1, 


and 7 the tangent of — . 


Example v. The ſum () of the ſeries — 3 &c. 
3-5 5.8 7.11 


being required; 
2 
* * 
x*x — & K 
we have 1 = =; and &= ff. — 1 — 
1 


generated whilſt x from o becomes = 1. 


Now, if we ſubſtitute y* inſtead of x, it will appear that 


2 FI 52 . hy, | _+ 3 
Cis = 6 x f. 2 >” 22 6 e 


2290 + Log, —— =; . + Log 1-3 -2 Log. 177 5 


2 | 1 
4 73 * CIIC, AIC, rad, I, tang. 1 


(8 J 


#33: -25'+ 2 Log. 1+y*--2 Log. T +y* 
2 
ab » 
+ 4/3 x Circ. arc, rad. 1, tang. , 
2 +y* 


\ when y is therein taken = t. 
Conſequently, by taking y of that value, we find 
the ſeries @ = —+ + 2 Log. 2—+ Log. 3 
I 


+4/3X circ. arc, rad. 1, „ 


CoroLLary II. If p be = oandq= 2, Awill be = - — , 
— r. — 


= Cn Ä D, E, &c. each =o: and our 


121. 53214 


theorem, adapted to the purpoſe of Mr. Lorcxa's third ſection, 


will be 
2 
22 — 2 1 * Kc. 
rs t r+1.S5+1.t+1 r+2.5+2.t+2 
| —— 
x EAN a — 
Ir r. T1 rT-Sst-SsS 5.51 


generated whilſt x from o becomes = 4: 


t 


—_——— 


— — 


* Mr, Loxcxa erroneouſly makes the value of @ near four times as great 


as it really is: — his error ariſes from his conſidering the Log. of 


1 
— = o, when x is = 1; whereas that expreſſion is then = Log. , 
1—1 

r 1 
= being always = 7 —. Ay 


In the following part of his work he has made ſome other ſuch miſtakes ; 
which will be pointed out in the courſe of theſe Obſervations, his commentator 

having not corrected any one of them! : 
which 


C43 


which expreſſion,* when r, r are poſitive integers, and à is 
a root of the equation, 
ee 2— 92 
— — — 0 
r. pou en OD 4 , 
will, by what is obſerved above, be 


I 13 a a* — 
_= it ts (s—r) — BEG — 1 — (t—7). 
$f. „% 7 F+13 F+83 ref, -t r II r+2 


When 5—r, tr are any poſitive integers, a, in the above equation, 
will always be St; and, when 3, r are any even poſitive numbers, 
a will allo be = — 1x : beſides which values, @ may (in the ſame 
equation) have others, that may be determined when the particular 
values of =, t—r are given; for inſtance, when = is = 1 and 
t—r = 3, 4 (in the ſaid equation) will be =—z 


. 


Example 1. If the ſeries 


1 a a 
=) — _ — - &c. 
(& 28 7 7 TAT FT IT 
be propoſed to be ſummed when à is = 1, or a = : 
r being = 1 and f -T = 3, 


we have, in the former caſe, 


m 
— 


Sv . . 
1 1＋1 71+2 6 r. 111. 1472 


and, in the latter caſe, Q@== = 


r. TI. 1142 


Example II. Let the ſeries propoſed be 


. 0+ : + : &c. = 
2. 3.7 Jo 4+ IO 45 5» I 3 
Then will à be = 1, F=2,5=3,t=3; 


— — 


* Suppoling the upper ſign to take place in the denominator 1. 
D and 


(02 


. . +, 
xx+<-x*'x—-ix*'x 
I-Xx 


_ 


j —$» . j = — : 
=Ixfl.Z<E . * Pg... YT of T 3x, 
1K 3 | 


the fluents being generated whilſt x from s becomes = 1. 


and @ = . 


Now, if we ſubſtitute y* inſtead of x, we ſhall have 


; 3 _. 3 JY * 
— & circ. arc, rad, t, tang. 
8 | , , 8 2757 2 
when y is therein taken = 1. 


Conſequently, by taking y of that value, we find 


4 


2 x3 
I 


7 
Sr. t -r. U -u 


1 I I 
1 t. v4 1 f. 51. 91 1 — v. 1 v. — 


E, F, &c. each e: and our theorem, adapted to the purpoſe of 


CoRoLLaAry III. Ifp be = e, and qz=3, A will be = 


1. 


* Mr. Loxcxa, in ſumming the ſeries (Ex. VIII, pa. 47) whoſe value 
is } of this value of &, makes a miitake, by conſidering the Log. of 2 


1 — y* 
as = e, when y is = 1; for that expreſſion will then be = Log. , 
Er 

— 1 


* In conſequence of wiich miſtake, he makes the ſum cf his feries about 
forty tunes as great as it really is“ 


+ 


M-. 


L 08. 
Mr. LonrexA's fourth ſection, will be 


1 83 — — — — &c. 


1 tr 41.541. LI 5+2. T2. 0+2 


% 


1 x * ” wes ww Fe HV gp Sn B * 1 — 1 898220 3 


—— — * - — —c 
L EX Sr. tr. vr r-. -. V- Tot, -. U-5 o. u. b-U 


generated whilſt x from „ becomes = 4: 
which expreſſionè, when g= r, tr, vr are poſitive integers, and 
4 is a root of the equation 

"Loh a= 8 42 — 


n n — =0, 
r. r. vr r-S$St=-SU-S 171. . v = v. v. 


will, by what is obſerved above, be 


rms ; - 1 
== = X a {+ tn. + ay 4 (s—r) 
2. [—&SYV—=55 FF. fF+1 F+23 r+3 


. 89 1 4 42 42 


—_— 


* — I a 42 a * 
* | PRO -——_ 8 Yr). 
7 v. 5 D. U 7 Tot. 9 ＋ 77 05 2 


When r, tr, vr are any poſitive integers, a, in the above 
equation, will always be = 1; and, when x, tr, ver arc 
any even poſitive numbers, @ will alſo be =— 1 : beſides which 
values, a may (in the ſame equation) have others, that may be 
determined when the particular values of rr, ter, vr arc 
given; for inſtance, when 3 -r is = 1, r 2, vr = 4, 
a (in the ſaid equation) will be =; and for another inſtange, 
when = is = I, r = 3, V-r = 4, 4 Will be == 1. 


(Sce the final remark.) 


„ Suppoſing the upper ſign to take place in the denominator 1F x, 


Example I. 


Example I. The ſeries I 
I a 45 a 
(= * 1 +14 + 27 ＋ N 17 ＋ z ra s 
| &c. 
being propoſed to be ſummed when à is = 1, or @ = =: 


we have, in the former caſe, 


ES oa 4r +9 , 
12 r. TI. ＋2. 7273 
and, in the latter caſe, 


„ LP EPOSd. MES Wp 2 = 2 1 a — . 
8 SEST 8 r 3.4 +1 9.7＋2 27r+3 
I 


4 PFer+lere+2.r+3 


Example II. The ſeries propoſed being 


I a a” 
* &c. — 5 
r. 7+ N LTi Tir; Tze IN b ( D 
to find its ſum when à is = 1, ora =—1: we have | 


ri, r 3, T=F = 4; 
and accordingly 


\ 


SK LX LA x3. SIG SH „ SI EK. Je” "9. 
1 111 r+2 12 r r+1 r7+2 #7+3 
I 2r +3 = I * 
6 F. TI. Tz. T; 2 F. TI TTz rz 
according as 4 is = 1, Or =—1, 


— 


* Mr. Loxcx& (at pa. 63) erroneouſly aſſerts, that, when a is = — , 
the 1 cannot be expreſſed algebraically, becauſe -, v—s, v—! are 
not epex numbers: wh what reaſon then, does he boait of having pointed 
out true criterion of the poſſibility of the algebraic ſummation of a ſeries! 


N OY Example III. 


| 


L833 
Example TIT. If it be required to find the ſum ( of 


the ſeries + «awd + 1 ths. 
: 1. 2%» 4 8. 3. $7 3.4. 0 
7 we haver=1, 2, f = {, V=9; 


. . Ls 1 
x —itxx+4x x=*x*x 


and Q = F. — 
: ** 1 K* 

| r+8x"*x-9x"*r . _ 1 
| | == . po +x-8x xroyx x, 


the ſluents being generated whilſt x from e becomes = 1. 


No, if we ſubſtitute y* for x, we ſhall have 


— — — — , 


1 4855 R 1 9 
= x f EET +35' 5-85" 3+ 999 


= 25* — 85 +212 + 8 Log. 1 Log t+3 +5" 


oY S 
—3_ x Circ. arc, rad. 1, tang. 2, . 
” IP > y 2 +" 


when y is therein taken = 1. 


— Ä 
— 


Conſcquently, by taking y of that value, we find 


* 


I 
V3 


b 
= 6 + 8Log.2-— L Log. 3- + 2 X Circ. arc, rad. 1, tang. 
4 


* In giving this Example, Mr LorGsa, beſides the error which he has 


repeatedly committed reſpecting the value of Log. — . 


commits other errors in determining the coefficients of the fluxional exprefions, _ 
and in aſſigning the fluents; which errors render his concluſion fo abſurd as 
to give a negative quantity for the ſum of the ſeries whereof the terms are 

all poſitive! And his commentator, inſtead of correcting the miſtakes in the 
original, makes as many (or more) in his note! * 


when y is = 1, 


E CoroLLARY IV. 


nf = 


CoroLLary IV. If þ EN each = 1, A will be = ©”, 
; : $—F 
11888 —; C, D, &c. each = 0 and our theorem, adapted to 


the purpoſe of Mr. Loxcxaꝰs fifth feltion, will be 


ec: +3. 8 c＋2. 4 4 +3. 4 8 
rs rT+l.s5+l F+2. 5+2 T4737 : 

I - 2 21 * — 
* * & * „ © r. X n 2 
98 I F.x 44 a* 
generated whilſt x from » r =4a: 


which expreſſion“, when ri a poſitive integer, and @ is a root of 


C—TYr 8 C—8$s 
the equation, —— * = 0, 00 8 — 2 e, will, by what is 
c- 
a . = 
{aid above, be : 
— 1 a 
„ 1 ——_— — (s-r). 


r r r+1 r+2 


Example I. The ſeries () propoſed to be ſummed being 
4 - ISL. © 29 KS SPI [ISA "= 


r. +I r+l.f+2 r+2.7+3 1. +1 rÞ+FLAT+TZ 
we have c =<r+1,5-r = 1, © = .: and it appears, that, 
(= r * 


3 — F 


if a (leſs than 1) be = , Quill be = 


1—2 


Fxampl: II. The ſeries (C) whole ſum is required being 


k—1 k a k + 1+ 2 1 K « 
&c, = 
k. k+2 Tz. TTA Trerr s . 1 A abe. 
) 


* Suppoling the upper fign to take place in the denominator Ya. 


c- k—2 
conſequently, if a (leſs than 1) be = in » Qwill be = — . 
| — 4 


Example III. If the ſerics (Q) be 


37+8 37 $01.6, 37rpl4. „. gte. 
rr +2 T+1t+3 T+2.r+4 r+3.r+5 


| ew 5: ['Y ' 4 7 9 7 3 
= 3 X r+7 e e 7, FEES Po = 4 & 


— 


— — C. 
r. +2 F+1.7+3 r+2r+4 T 


c muſt be confidered as = r+3, 52s =r+2: and it follows, that, 


: <=) . 
if a be = —— == +, 
FE =P; | 


—_ 


will be = 4 * Mo BS. 
| > 


Example IV. The geddes propoſed being 8 
| 1 3 — 3 _ —— &c. * A 


we have c = 1, T, 1; 
1 
I +xX * I+x 7 


generated whilſt x from becomes = 1: 


and Q@= * . 


>> 
which fluent, by Theor. VII. of my Vth. TazLE, is = S - 


s 
4 S denoting the ſemi-circumference of the circle whoſe rad. is 1, 
28 


and 5s the fine of - 


CokolLLART V. 


„ 


64297 


CokolLARY V. If p be i and 32 = 2, A will be= ——— 


= e. Seek, - D, E, &c. cach = 6: and our 
1 — 4. 1— 5 1 — 1. 5— 4 


theorem, adapted to the purpoſe of Mr. Lorgxa's fixth ſection, 
will be 


„ 6 +2, 4 
1411 F+I.S+SLEST T+2.5+2.1+2 
= x rn K 462. 6% uf=" 
E 4. r r 124.421 


generated whilſt x from o becomes = a : 
which expreſhon®, when r, tr are poſitive integers, and 4 is 
a root of the equation 


f— ent, ez ff 8: 
a — = NR — = 0, 
Jr. 1 — 1 5. 4-4 1 F. 47 
p — 2 — 

£5 F wb 1 a | 

wih-be ew STADE. x od cone roam bone (=) 
r—$6—S r r+1 +2 chil 
6 1 a a” 


121.4281 1 14142 17 


When gr, tr are any poſitive integers, / , in the above equa ion, 
will always be = 1; and when =, are any even poſitive 
numbers, à will allo be =— 1: befides which values, @ may (in 
the ſame cquation) have others, that may be determined when the 


particular values of 5—z, r are given. 


E ccmp!'. The ſeries to be ſummed being 
1242 r-— 1. a 14 


. &c. = 
7. 772 774 . 7 727 ＋ A = 5 *q 


® Suppoling the upper ſign to take place in the denominator 1», 


hen 


) 


— 


which expreſſion®, when 5—r, tr, v—r are politive integers, and 4 


FE J 


whenais ;, or a = 1: 


I I 3 1 l 1 WY I 
POSI 4 1 r+1 r+2 143 


%% 40 ONE. KP Hon. 
FFT 1 „41 
1 ? - — — Ss — 
5 x22 +857 -# 3, 8 Barr bac? 0 
2 r. TI. 112.7143 2 r. 41. 112. 773 


according as 4 is = 1, of -t. 


cr. d- u 


 ConoLLary VI. If be S 2 and = z, Au ill be 


» 
5 r. . r. v 


. e 2 Nh aa c= v. - 
124. 1 fr 7 . 7 J. v7 7. .= 


E, F, &c. each Se: and our theorem, adapted to the purpoſe of 


Mr. Logcxa's eighth ſection, will be 


QC 


15tw v Tr+1l.s5+1t+10v+1 2.5 ＋2. 2.9 72 


c d 5 c+1.d+1.4 PORE c+2.4+2. 4* 8 


4 „A-. an x x" (. d-. a * 1 c. . d. t. a c- v. d- v. & 


6 — — 


IX fr. r. vr r. tf. v- I 71. 41. -t T-. $-V bv, 


generated whilſt x from o becomes = a: 


is a root of the equation 


60 — . r. 4 — $f. = Sat ent 4. a. c -v. d- v. a” — 


Sr. tr. vr n = l. 4. Ut rv. . 1 


* Suppoling the upper ſign to take place in the denominator 1 . 


F 


by 


1 


uit te ee . ben 
1 . 4-5. v5 e 273 
81. 1 f. ar =" 1 a a a* 
—— „ . 
1 1. 47. 9 * 121 1 722 F+3 ; 
— ti , — 2 
* BAL 83 — 3 1 (6-1). 
FN = r r +1 T+2 Fer 3 


When r, r, vr are any poſitive integers, a, in the above 

equation, will always be = 1; and, when 5—r, t—r, dr are any 

even poſitive numbers, @ will alſo be = — 1 : befides which valacs, | 
a may (in the ſame equation) have others, that may be determined 

when the particular values of s—r, tr, v—7 are given. 


gt 
Example. Let the ſeries propoſed be 
* 3 
. TI. T2. 1＋3 TI. T2. r＋ Z. T＋4 T2. T＋3 T ＋4. T＋5 
Then à being = 1, c =d =r—1, 5 =r+1, t=r+2, v=r+3; 
we have Y 
1 33 1 4 l I I 
0 RS 2H nd ttc + ao. bo 
os 2 r 2 r „ r 7 r+2 
=. 005 —g5+2. 
6 r.r+1.7+2 
III. hy 


With regard to Mr. Loxcxa's ninth ſection, I have to obſerve, 
that the method of computation therein purſued may be derived 
from Mr. Siursox's propoſition at page 115 of his Diſſertations. 
Of which well known method, neither Mr. BEANJOULIII nor 
Mr. EvLERr can be ſuppoſed to have been ignorant; but we may 
ſuppoſe, that, with reſpect to the ſummation of the ſeries 


1 = —— Ir &c. (So, when k is an odd number, that 


method 


2* g* 


7,» 


method was not found to ſupply the defects of their theorems 
according to their wiſhes, the obvious way of expreſſing the value 
of . by the arca of a tranſcendent hyperbola, and afterwards 
computing that area by the differential method“, being not at all 
ſatisſactory. 


The deſilerata reſpecting the ſummation of ſuch ſeries, when & 
is an odd number, I conceive, are theorems like thoſe which 
were firſt given by Mr. Jonx BEerxXouLL1 for finding the value of 
Q by mcans of circular arcs, when æ& is an even number; or 
theorems for finding the values of , in the former caſes, by 
means of the arcs of any cf ihe conic ſeftjons. 


In the caſes wherein Mr. Jonx BerxxortLt's theorems fail, and 
indeed in all cafes whatever, the following theorem (derived from 
one at page 129 of my Luculrations, and agreeing with that at 
page 678 of Mr. Macravris's Fluxiens) enables us to compute 
the value of &, to any degree of accuracy, with much leſs trouble 
than it can be computed by the tedious method injudicioufly 
adopted by Mr. Loacxa, and unjuſtly extolled by 'his commen- 
tator : a method which even cannot be applied at all in computing 
the value of @ when + is a fraction; whereas the ſubſequent 
theorem is applicable let & be what it will. 


As to the aſſigning the values of @ when Mr. Jonx BERNOVTTI's 
theorems can be applied, they ſurely are, beyond all compariſon, 
preferable, at leaſt in p.int of clegance, to all others hitherto 
inveſtigated. 


1 


—— — — 


—— 


* The ordinates being computed by repeated operations, by the ſame means 
as the areas, it is a troubleſoine buſineſs to obtain, by that method, a concluſion 


ſufficiently exact, 
THEOREM. 
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THEOREM. 


Lode tee 
#+al a«a+z;d\* a+5 dif «+7 «l* 
Oy 1 4144 2221 4. 11.142. A4 
2.7 1. 44% 24 A 
21 — 1.8. k+ 1.k+2.k+3.t+4.Ad' Kc. 
2. 3. 4. 5. 64 
11 T l 
Abeing- 7 » 
u £2 — / 3 
0 "4 * 360 
9 = 2. - + 3 
A 2.5 * a 
' q $2 $7-0-. $7054. 3: 
C Te 7 5 os > 
A a. 9.23 10-9.8.7. 6, 10.9.8.7 * 
. 2.3-4 2.3.4. 5. 6 2.3.45 6.7.8 66 
KC. &c. 


Example. To compute the ſum of the ſeries 
„„ OT ER. RO 
2 3 3 5 4 
find the ſum of the terms at the beginning of the ſeries as far as 


* OO excluſively; then compute the ſubſequent terms by the 


2 ＋ . 
2 


above theorem, d being therein taken = — and 4 = 3. Thus, 
2 


ww 


A new improvement, relative to the ſubject of this particular example, 
may be ſeen at the end of my Vth. Mamorn. 
adding 


C61 


adding the firſt ten terms together, we find their tum =1.197 5319856 &c. 


and, taking @ = 5 the ſum of the reſt of the terms is 


. 


POT 
tj Ia 


8 e ü e 
1 * 3 1 "ran Wiel cries, only 


our terms (into the factor N being taken, and their value 
21 


(Hog 5249174 &c.) added to the ſum of the ten initial terms 
before found, we obtain 1 202056,03 &c. for the value of Q, 
true to me places of decimals. The fame initial terms with fi 
terms of Mr. Dr Morvaz's feries give the fame reſult: which 
is much more accurate than the reſult of Mr. Loacxa's compu- 
tation of the fun: of the ſame ſerics, his value of & being true only to 
three places of decimals. Yet, to magnity the comparative merit 
of his newly adopted method of computation, De Moivze's ſeries 
and others, into which our ferics @ may be tranſmuted, are, by 
Mr. CLARKE, decried as uſfclets ! 


IV. 


It is well known that the ſum of the ſeries 
2 cde(p) ,c+1-4+1.e+1(p)xx,c+2.4+2.e+2 (0) &. 
Fit) TI TIFF TOT) r+2.5+2.t+2 (q+1) 
will be infinite when x is = 1, if p be not leſs than q: of which 
Mr. STiRLiNG was well aware, when he made the remark whereto 
Mr. CrAnxkkE refers in his Preface; which remark relates only to 
ſeries whoſe terms are all pofitive, as appears plainly by the examples 

afterwards given. 

Mr. Stupsox, in his Lemma referred to in Mr. CLarxE's Preface, 

does not ſay, that the greateſt exponent of the indeterminate quantity 

in the numerator muſt be at leaſt two degrees lower than the greateſt 

exponent of the ſame quantity in the denomimater, that the feries 
G | may 


[a } f 


may be ſummable: + when the zm of a ſeries will be finite or 
infinite is not con ſidered in that place; the winer's buſineſs, there, 
being to reſolve a compound fraction into as many fimple ones as 
there are factors in its denominator; and, that his method may 
ſucceed, it is neceſſary (as he obſerves) that the number ct factors 
in the numerator be /e/s than the number of factors in the deno- 
minator, but not 4% by two, as Mr. CLARKE ſeems to underſtand 
the paſſage. 

When, in our ſeries @, x is =— 1, the value of fuch ſeries, it 
is well-known, will be finite, even when p is = 4.—I wonder 
therefore, that Mr. Loa /A and his commentator have, in ſo many 
inſtances, miſunderſtood the paſſages they allude to, reſpecting the 
impoſſibility of obtaining the ſums of certain ſeries; which, 
they would infinuate, are ſummable only by means of their 
Formulz ! — Do they not, through their zeal for magnifying 
the importance of their favourite method, by ſuch infinuation, rnde;- 
rate the pertormances of others ?—And do they not, through the 
ſame zeal, rather cher- rate that method in faying, that nothing 
© more can now be expected or wiſhed for in the Doctrine of 
„Series; being brought to its greateſt perfection“? — Perfection, 
in a doctrine fo extenfive, ariſe from a method ſo narrow * and 
embarraffed !— Surely their vaunts are vain !—And ſo indeed they 
„ ould have been, cven if their boaſted method had not been 


The 1eries ſummable by the method alluded to may, perhaps not improperly, 
be ſail to be only of ene claſs (in no reſpect untractable); the fluxions, whoſe 
fluents are in general requiſite in their ſummation, being all of the common 
form ** and when the ſummation in algebraic terms is poſſible, the ſame 

1 
fluent may be conceived to be drawn into a number of ſuch terms whoſe ſum is 
= b.—The embarraſiment of the method is evident, from its failing to ſuggeit 


the true cr:terion of the algebraic ſummation in all poſſible caſe-, 


evidently 


L 89 1 


evicently lets perfect than that which is exhibited above: — for 
though the theorem which I ſhall preſently add is much more 
comprehenſive than that in Art. II, which is ſhewn to comprehend 
the principal part of Mr. Loxcxa's work; yet certainly much more 
is till requifite to bring the Doctrine of Series to its greateſt 
perfection, and render it as compleat as may be expected or 
wiſhed. 


THEOREM. 


cde(p) x Þ c ＋ 1. 41. e＋ 1090 Pa c+2.d+2.c+2(p x Pa* 
11171) 111. 5711.711027) iin 
B x* 


(=) b=f = Hay. 


generated whilſt x from o becomes = a, 
= A. —7 
r. T＋ I. 422 (s—r) x Ba-* 
k+r +l.k+r+2.k+r+3(5-r) « þ i= N 
1. 1＋I. T2 (t-r) x Ca x G 
&+r +1. k+r+2,k+r+3(i-r) x b-r 
( 


+ 


4 


— —— 


r.r+1.7+2($—7) B. T7 ol . ——. 
of FTESY ETETY FIST TA r r.r+1 
+ +7 1.k+r+2. bal (s- ) 
r. #7 +1l.7+2 


r.r+1.7+2(t—7z) x C. a —.—.—. .ba 

"E+r+1 k&+r +2&+r+3(1—r) LUA r,r+1l 

.. k+r+2. b. | (tor) 
r. W =I. 1＋22 | 


(9) | 
A, B, C, 


Fo 0] 


A, B, C, &c. being as in Art, I. Sf UAF 


þ — * k—1 
P, PRI, = K. — 'P= CRY ST 0, WE. 


and G=f. YT Xx x*—1 x, 
generated whilſt x from o becomes = &. 


Whence it appears, that, when 5 —#, r, vr, &c. are any poſitive 
integers, and à is a root of the equation 

Rey 1... (s -r) x BY - , r.r+1 (t—r) x CH 8D, 155 
a * k +r +2 (r) k+r+t1.£+r+2(t—r) (1+ ) 
the value of the ſeries Q_ will be aſſigned in algebraic terms, though 
the value of G' may not be aſſignable in ſuch terms. 


(See the final remark.) 


Example. If be = 1, k=r—1, Þ = 0, q = I, and 5s = r+1; 
A will be = 1, B=—1; C, D, &c. each = 0: and the laſt equation 


Foo [ 4 I 
— =0; whereais =—» 
2 2 


becomes a="=— 


It appears therefore, that, when @ is = — the ſum of the ſcrics 
—2. 


| r—1.4 BYE bond 2 2 FN 2 3. 4a 1 I i 
. 141 517 TZ TT 2.3. 113. 1＋74 383 


The general theorem here given, is derived from that in Art. I. 
and the ſecond in my VIIth TazLE : by which means ſome other 
thedrems may likewiſe be deduced. 


Corollary I. If (o being = o,) 5s be 27, 1 37. v = A (14); 


A will be : ** 4. 
dh 1.8.3 (0 xr? pi 7 = As 


D=- — p— (171); 


C5 
C 25 J 
and the ſeries Q@= 127 N L= YH YT, 


. 2.3 (9) 41 r: 


generated whilſt x from o becomes = a, 


let y (=P + Px + Px* + Px &c.) be what it may: 
which agrees with Mr. Sturson's ſecond corollary, at page 148 of his 
book fo often mentioned. 


Example. Let y be = A, r=1,s=e, 23, &c. 


then a (-) * the whole fivent of e) 


will be let b and g be what they will. 
1. 2. 3 (20 x k+q+1 


CoroLLary II. If /p being = 0) 5s be = r+1, & = r+2, 
v = 7+3, (4); A will be = _.: „ B = -=qgA, 


c= —.— A, D-- ERC. A, (241); and the fries 


" Lech. rate . 
= a n_ g = "2 — x|7 
< 7730 hf 5 X 4 x] > 


generated whalft x from o becomes == 4. 


Erample. Let y be = —*— : then (2 


I-x 
I 8 OP a* 8 
r. TT 1. 1147 ＋ 7) 7 1.712. 173077 THE TIE TTETIZES) 
" bf, Src * 1 Xx AA; 
( 228 = © 
generated whilſt x from o becomes = ) 


H will be 


1+1 
+£1=1:2=2:A Hom 3 (a) | 
2. 34 | r r+1 r 4-2 
T4211. a -i. AG 
8 1 441 
. 22 = 

r.r+1.7 +2. (9) * q . T1. 1207219. 2— 1 a 
p wy 4 — 15 

＋ ei- T TTT TY FN (1) 


+ 4 . -i]. AG; | 


G being . Zone I generated whilſt x from o becomes = «. 


1 -X 


FINAL REMARK. 


When g is greater than 2, the algebraic ſummation of the ſeries a. | 
may be poſſible in ther caſes beſides thoſe pointed out above: 

for ſuch ſummation will be effected, if s—r, tr, vr, &c. be 
not all poſitive integers ; provided each of the quantities s, t, v, &c. 
exceeds ſome one or more of the quantities r, 3, 1, v, &c. by ſome poſi- 
tive integer ; and provided a value of @ be the ſame in each equation 
ariſing upon putting each ſum of the co-efficients of each different 
fluent (not aſſignable in algebraic terms) = 0; as many as poſſible of 


the fluents of the fluxions 1—#x)* x x'=x, 1 -r x x'— x, 
TI „x ix, &c. being found by compariſon with ſome one of 
thoſe fluents; and as many other as poſſible of the reſt of thoſe fluents | 
being found by the like compariſon with ſome other of thoſe fluents, &c. 


And this holds true, as well with reſpect to the theorem in Art. IV. 


& and & being of any values whatever; as to the theorem in Art. II. 
in which “ is = 1, and k == 1, 


A 


( 27 J 


A fingle inſtance, after what has been done, will, I preſume, ſuffici- 
ently explain my meaning. 


The ſeries | 2 a” 
rt T7 I.S+1.t+1, 54 Sin 


Axr— BZ — Cr DB. 


is above found = f. x + + + 
22 a” a* 4 a” 3 


generated whilſt x from o becomes = @: 
I B= I C= 1 1 


where A is = | yz DI — a—_— Ore" 0 . 
Jr. t- r. v T .. - 1-1. 4H. v- F-U, LU. 1 


xĩ 14 1 1 a 

1 — — * 3 — 

But 1. © * 5=G-e 7 ＋ 
11 9233 
and f. , G- * - FT 577 


, 14 2 — 
G and G being the reſpective fluents of - — 

generated in the time juſt now mentioned. 
Therefore & will be = 3 += * 622 x G 


I a a* 
_ F avs 8 — — 4127 
0 | r be Ve ( ) 


— 


— D a=” M2 _ * Vs): 
1 4 7 . ) 


conſequently, if — += be = o, and ©, Þ <6; and only 


r, vt be poſitive integers; the value of the ſeries & will be 


expreſſed in algebraic terms. 
Now, that thoſe two may be true equations, @ muſt be 


30 8 
2 
— wa - 


( 28 J 2 
Letr be =h,s = bÞ+1,t —h- = and it will ap- 


pear by ſubſtitution, that the ſeries 
I 1 


I 
+ 1.2h - az 575 1.542.254 1.2h + 5 b+2b + 3-2b + 3:2b + 7© 


tw adSm 4 =. I Ss I 
3 


7 TA" TIC) . 


Here again Mr. Loxcxa's pretended indubit able mark, or true criterion, 
fails! — For, were we to judge by that, we ſhould conclude, that the 
ſum of this ſeries cannot poſſibly be expreſſed algebraically; vr, 

v, vt being not all poſitive integers !—And many other inſtances 
of its fallibiliry might be given. 

Having made theſe obſervations, I cannot but think, that the com- 
mentator would have ſhewn not lefs judgment, if, inſtead of applauding 
ſo extravagantly the faulty work which he undertook to explain, he had 
corrected the errors in it, and ſupplied its defects. A work, where- - 
of more than #hirty pages are filled with embarraffed inveſtigations of 
ill-exprefſed, particular Formulæ; without exhibiting any general 
theorem, like our Simpionian one at page 3; though boafts of perſpicu- 
ity, and indeed of every excellence, are not wanting! Surely Mr. CLAnK E 
has made this country a very poor compliment, in ſuppofing, that ſuch 

a work, with his frivolous and tedious notes thereon, could be accept- 
able to the Britiſh mathematicians ! 


THE END. 


E R R AT A. 
Pa. 3, I. 20, fr C e . P. 5, l. 6, for theorum, read theorem. 
1—1 2 


P. 245 l, 2, read Sol — 8 33 ; and l. 77 fer eee 
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OBSERVATIONS 


ON 


CON VERGING SERIES. 


APP E N D IX. 


R. CLARKE having attempted to defend his Tranſlation of Mr. 

LorcNA's Treatiſe on Series againſt my animadverſions thereon, 
I think it expedient to exerciſe my pen again on that ſubject, to ſhew 
how futile the defender's remarks are; which, whatever he may pre- 
tend, are manifeſtly diftated by pine and chagrin, and expreſſed in a 
manner ſerving only to debaſe argument to cavil. 

The purpoſe of my writing is chiefly to vindicate the reputation 
of a deceaſed friend, whoſe valuable work is unjuſtly depreciated, that 
it may ſerve, in compariſon, to ſet off one of much leſs value, pub- 
liſhed under a ſpecicus Title, and with a beaftful Preface ; promiling 
to exhibit a method entirely new and much more general than any 
other which had before appeared on the ſubject, whilſt the contents 
of the book are very far from anſwering the expectation ſuch title 
and preface are calculated to raiſe: and I truſt, that the expoſing 
ſuch diſingenuity, and b«ſtowing applauſe where due, will not be 
deemed diſcommendable by the public in a writer whoſe own works 
are not brought into the compariſon. 

In my Ob/crvaticns on Mr, CLARKE's Tranſlation, T have only adapt- 
ed Mr. Siursox's Theorem to the purpoſe of moſt of the ſections in 
B Mx. 


121 

Ma. Loxexa's book: ſubmitting it to the Mathematical world to de- 
termine, upon comparing thoſe Obſervations with the contents of his 
book, whether either he or his commentator, has any great reaſon 
to boaſt of ſuperior elegance and ſimplicity. But the commentator, 
not ſatisfied with ſuch appeal, urges me (by his Sypplement) to ſtate 
the matter in diſpute more fully. I am ready to do ſo; and to abide 
by the conſequent, impartial decifion of the public. 

I do not ſay that Mr. Stwysox's method is the ſame as Mr. Loxexa's; 
but I contend that it is more perſpicuous and elegant than his, and 
not leſs (if not more) general. 

The whole bufineſs of Mr. Loxcxa's work (excepting his gth ſec- 
tion) is to ſolve one ſingle problem, (not very remarkable for its dith- 
culty,) and to give ſome examples by way of illuſtrating the ſolution : 
which problem 1s, to find the ſum of the ſeries. 


«#+b.c+e(d) + @+2bec+2e(b)xx 4+ 4+3hc+3e@) *** * 


PTT) p+2qm+2nr+2(t p+34m+3nr+35(k) 


— a C 
— 23 — 5 — SG = h 
þ e (b) 7 1 7 T 100 T. x x 


qn5W) f. 1. T1 () £+2 +2. <+2 (4) 


Now, though he has written a great deal on the ſubject, he has, 
after all, only conſidered h and ł of ſome particular values; and, con- 
ſequently, has only ſolved ſome particular caſes of the problem, with- 
out giving a general ſolution ! 

The ſame problem, Mr. SIMPSON in his Diſſertations has ſolved 
generally in a few pages ! 

There is indeed a little difference in the manner of writing the 
ſeries; but that makes no difference as to the generality of the ſolution, 
as will plainly appear preſently, _ | 

Mr. S1M1ps0x's ſeries (pa. 78), taking therein x = 1 and writing x 

| for & 


Þ Þ 


1 20 42121 (00 x x , 2+2b+2.(b) xx* , 

Pqgr(k p+1q+ir+iCt) p+24+2.r+2 (4) 
which being multiplied by a certain factor (whoſe value is obvious,) after 
writing =+1,—+ i, Rc. inſtead of a, 5, ce. nd „ 1, l, Ke. 
inſtead of p, 2, , &c. reſpectively, the product will be the ſame as 
Mr. Loxcxa's ſeries. 

Therefore Mr. CLarKE's remark (pa 49. of his ſupplement) reſpe&- 
ing the generality of a ſeries, from its having two characters when 
one would be ſufficient, is extremely futile !—And, whatever he may 
think, I believe it will be allowed by competent judges of the ſubject, 
that the making uſe of many characters unneceſſarily is perplexing 
and inelegant; and, inſtead of conducing to perſpicuity, often oc- 
cafions embarraſſment. Of the truth of this obſervation, Mr. Lozxcxa's 
proceſs 15 _— an inſtance: wherein | 


» &c.( or ., 6 


7 * 2+7 P+24 
7 
Py £0 Sos 
m T2 


C. 


— A 


27 1 2, 


) are unneceſſarily made uſe of inftead of —» 


r &c. nd 3 Kc. And, what is aſtoniſhing ! the ſupplement 
p+1 


writer is ignorant, or inconfiderate enough to aſſert (pa. 48. 49.) that 
theſe ſimple expreſſions, with only one character in each, are not ſo 
comprehenſive as thoſe other, with two characters in each! as if p, 


q, &c. would not expreſs as much as 72 &c. 17 „ 7 * I, &c, 


Such an aſſertion ſurely would even diſgrace a novice ! 


Mr. CLarke's other remark relating to the generality of Mr, 


| 2? 0 
Loncxa's method, when y is taken =x9 x 1280 inſtead of 


*, 


= 


, 


is equally futile !—For if he changes his ground by ſubſtitu- 
Ix 


tion, (pa. 47. of his ſupplement) why may not I likewiſe change my 
ground, and be allowed to make a fimilar ſubſtitution in the Theorem 
at pa. 3 of my Ol ſervations? And were I to do ſo, the reſult of that 
Theorem would certainly be much more general than his at pa. 48. 
of his ſupplement, —Indeed I have made a ſubſtitution for y, at. pa. 
23. of my Olcrv.:tions, fo nearly fimilar to the above, that, by only 
altering a character or two, his concluſion (and many others) may be 
directly obtained from what TI have there done :—of which he, very 
probably, availed himſelf, by diſguifing my Theorem and applying 
it (pa. 8.) to his own purpoſe ; for it will ſcarcely be believed, that he 
actually found his Formula by induction. 

Mr. Stytrsox, in ſolving the problem before mentioned, does not 
confider how the propoſed Series may ariſe by taking fluents and 
fluxions, as Mr. Lok Na has done ; but he reſolves the Series which 
is to be ſummed into as many other Series (each having a ſimple de- 
nominator and being ſummable by a known Theorem) as there are 
factors in each denominator ; and by ſuch means he finds (in his 4th 
propoſition) 

ab(h) _ a+nb+a(b) x2 
pr P. TA. TN 


a ＋ 2. +2n (hb) Xx 282 &c 
PT ZA. ＋ 21. +24 


n . *” a * we 
7 DPT p+2 573 
A* 22 8 
+ B * == 2 
er F+ 38 
+ 0 x = ĩͤ v K. 
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being leſs than & 

A= ama SP w_4 920 5290 \C ar b- r (bY 
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as {2% 

Thus eafily, in four or five pages, does Mr. Stursox obtain a general 

ſolution to the problem; about which Mr. LoxcxAa has written a 

Treatiſe, without exhibiting any thing equally comprehenſive ! 


But to adapt ſuch ſolution to the caſes wherein , _ _ = &c. 
are unequal whole numbers, Mr. SimyesoN proceeds farther, and, de- 


2215 A 
1 —2" 
(confidering all its ſigns as affirmative), 


noting the fluent of by S, finds his propoſed Serics in that caſe, 


— — K 8 — A ;ͥ ww 000 cc c 
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where, when # is equal to, or greater than p, (ſuppoſed the leaſt of 

the quantities Ps 4s Ts &c.) mm muſt be = p*. 


In 


* Mr. CLARKE in his note pa. 45. of his ſupplement ſays that when £ 5 ! 5 
A n 


&c. happen to be fractional or negative numbers; that is, if , q—n, &c. be oor 
2 —1K 


; but is of different values in the theorem, viz. 


negative, S 1s no longer =. - 


A — &c. and he thinks this is a neceſſary remark, though Mr. 

1—2 1 — 
Stiursox has omitted it. But here Mr. CLARKE is miſtaken ; his remark is unne- 
5 ceſſary 


© 


In other caſes, may be taken at pleaſure ; ſo that — the leaſt 


m T—NM 
3 {=, &c. be = 00r a poſitive integer; 


of the quantitics 


n n 
and the reſt of thoſe quantitics all * 
"= OF 
It n be taken = p, the expeeſion = * 2 will van- 


iſh, and the theorem become a more conciſe. 

The critericn for the algebraic ſummation is obvious. For if 
= * 2 . — (ti) be = o, the value of the ſum of the ſcries will, it is 
3 wk algebraical: which by the Cor. to Mr. Siutrsox's Lem. 
(pa. 76 of his Diſſe-t.) will always be the caſe when, k being = 2 or 
a greater number, the differences 2 -, -p, p, &c. are any in- 
tegers and 2 is = 1; alſo when thoſe differences are all even numbers 
and 2 is = — I. 

Moreover it is evident that there are other caſes in which the value 


of the ſeries may be purely algebraical, as the expreſiton. = — * — + 


(i) may be = o when 2 has other values (befides 1 _. — 15 tn 
may be determined when the particular values of, p, q, r, &c. are 
given. 


Thus at once we diſcover, by Mr. Stwesox's proceſs, more than 


Mr. Lorcxa after many operations, has diſcovered reſpecting the 

algebraic ſummation of the ſeries propoſed ! 
A remark of the like import with the final one in my Obſervations 
may 


ceſſary. For when þ (the leaſt of the quantities p, g, r, &c.) is = m and — 5 =2, 


&c. are whole numbers, as they are ſuppoſed to be in the caſe conſidered by Mr. 


Sines0xN ; none of the quantities g, 7, &c. can be leſs than . 


— — — 


— — — 
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may be made reſpecting the value of S and from thence it will be 
evident that the algebraic ſummation of the propoſed ſeries may be 


poſſible though = — &c. be not all whole numbers; provided 


each of the quantities 25 25 &c. exceeds ſome one or more of the 


quantities-2, 7, =, &c. by ſome poſitive integer; and the number of 
n * 1n 


factors in the denominator of each term of the ſeries be greater than 3. 

It is manifeſt therefore, that by Mr. Stursox's 4th propoſition 
(which is a particular caſe of his 5th) all Mr. Loxcxa's ſeries (ex- 
cept thoſe in his gth ſect.) may be ſummed with great facility: and 
to that propoſition I might have referred in my Obſervations, inſtead 
of referring to the 5th, had I not intended to give a more general 
theorem than that which is propoſed to be inveſtigated in that 4th 
propoſition. 

Mr. CLARKE (pa. 43. of his ſuppl.) talks of my putting Mr. 
SIMPSON'S theorems to the rack, in order to extort a ſecret from them 
which they do not contain : but it is evident that, without any torture, 
thoſe theorems impart ſuch a ſecret as Mr. CLARKE may bluſh 
to find divulged ! 

Having taken a view of Mr. Stursox's method of proceeding, and 
obſerved the reſult of it, in the ſolution of the problem under con- 
fideration ; let us now take ſome farther notice of what Mr. Lorxcxa 
has done reſpecting a ſolution of the ſame problem. His method is 
very different from Mr. Siursox's. 

He obſerves, that 

FL. i = : ... 4 K a K Ps 


+ = &c. 
12 Iv Pr P27 FEST , 


A = — — — &ec. 


G * 11 
a * "= Þ+9-m+n 5727 


. 8 r ·1 — — ore n . 
7 1 " PÞ +qm+1nr+8 LETT ESTTEST ＋&c. 
&c: &c. &c, 


which are obvious and well known equations; and the conſequence of 
repeating the operation, by which they are obtained, is alſo obvious 
and well known. 

He likewiſe obſerves, that 


B= — flux. of FN - is = co 4228 — + &c. 
* 277 2727 


c = BD NUL. 
n P+qm+n Pp+24m+21 

&c. &c. &c. 

And moreover, that 


5 2 I flux. of Ce * n is =D eee . 


x P Tru P29 ＋2 

ENT .cer 425. cz. 
=_ =o i, 2— ct: —_ & - 
E 33 : pT nA. T p29. 1 ＋ 2. 7 +25 N 


&c. &c. 
All which equations are equally obvious and well known. 


He then proceeds to find the values of the expreſſions G, H, &c. 
C, D, &c. E, F, &c. by ſucceſſive operations, by the help of the well 


known equation (vw — ff. vb H wv) 2 fl. ow ff. y2x=fl 2 fl. yx, which 
he premiſes as a Lemma: the value of F being conſidered as known ; 
which, it may be obſerved, is what Mr. Siursox confiders as known. 


Thus 


* 


* x 
bl 


G = —f. gni=p:5=1x being = . b -bei ff, 1 


he 


> 


| 
| 
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he, by dividing the laſt expreſſion into two, by help of his Lemma, 
finds 


. © \ 


G qo — 7 Rx 1 & * 1 ** 
Hqxmin—pigq ITY ngxmin-pig Fx 


The value of G being fo found, he, by means thereof, in like manner, 
finds the value of H, &c. 
Alſo, by taking the fluxions, the value of B is found from the ex- 
preſſion — flux. of F þ - (which denotes its valuc); and the 
x 
value of C is then found by the help of his Lemma. 


Likewiſe, by taking the fluxions, the value of D is found from the 


expreſſon— flux. of Ce and, by help of his Lemma, the 
the value of E is then found. &c. 

In which ſucceſſive operations, ſo many troubleſome ſubſtitutions 
are requiſite, and the embarraſſment, ariſing therefrom, ſo irkſome, 
that we need not wonder, former writers have not purſued the 
method to any great length, nor that Mr. Loxcxa has left the ſolu- 
tion of the problem incomplete. Surely no analyſt of judgment 
would purſue that method, after having ſeen Mr. Stursox's. 

The formulæ which Mr. Loxoxa deduces as above are, from the 
perplexity of the proceſs, moſt of them ill expreſſed ; and none of 
them properly adapted for finding the complete criteri-n of algebraic 
ſummation, which it is vainly pretended he has pointed out! Nor are 
they better adapted for finding, by induction, a general theorem 
like Mr. Stursox's: for after all Mr, LoxGxa has done, though he 
has made à book of his labours, he has not diſcovered any ſuch theo- 
rem! nor does it appear (ſce pa, 112.) that he had any notion of a 
general thereom being attainable by induction.— Indeed if he had fo 
diſcovered ſuch theorem, it would not, as Mr. CLARKE himſelf ac- 
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knowledges, pa. 209. have been fo fatisfaftory as Mr. Stursox's, 
which reſults from a pure algebraic inveſtigation. 

Is it not then a Taiz /0-/ to talk (ſee Mr. CLARK E's Preface) of hav- 
ing brought the doctrine of ſeries to its greateſt perfection? — Mr. 
Cranks himflf proves, that it is a ere puf/./—witnels the additions 
in his Sep; ment; fer which, undoubtedly, he will be thought to be 
lem vt tideviel to iny ob ervat.04us. 

It is obſervable, that, with reſpect to ſeries having but two factors 
in each denominator of their terms, Mr. LorxGx4a has given us the 
avebraic ummatian in certain caſes when x is leſs than 1: why he did 
not do fo, where the derominators conſiſt of more than two factors, is 
perhaps pretty plain; the taſk, becoming more difficult, required a 
method of precceding more general than his. The S:mp/cnian method 
enables us to find all the values of x, under which ſuch ſummation 
is poſſible. 

The aukwardneſs of Mr. Loxcxa's formulæ pa. 62.63. is ſuch, that, 
from thence he has crroneouſly inferred, that, if the ſigns in the ſeries 
there conſidered be alternately + and , the ſummation cannot be ex- 
hibited algebraically, unleſs ,. , and © be eves num- 

7 1 
bers: which inference is proved to be falſe at pa. 12. of my Obſerva- 


tions; the algebraic ſummation being poſſible when, only | HR 4 


1 7 
1 being even numbers, 2. — 1 
1 11 "ht 


Equally aukward, or more fo, is his formula pa. 96. 97. for the 
ſum of the ſeries. 


a+bi+ext+! „ ab2bebzry: +: & 
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PT. 1 ＋ n. 1 +20 Þ ＋ 24M 2. +28 
from which he has deduced ſuch inferences reſpecting the algebraic 
| | ſummation 
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ſummation thereof, as plainly evince, that he was completely puzz/ed ty 
his cn preceſs e the conclufions he has inferred® agreeing only with 
the ſerics 

1 8 e + 1 3 ASM iow. 

PTT PT 33 Pr4tr+4 

. + a | 39 _ «+46 

pm PT 2% m2 P+3qu+3zs p+qpit+ gn 
inſtead of the ſcries propoſed : and the examples he has given are 
equally nugatory !—So that he has not given one example cf the 
aigebraic ſummation of the Series. | 

a b. c Te a+2b.c+2e 2413. c ＋ ze 

p Ten p+20mM+M7+25 P+ g nr +35 
but, in attemptipg to give ſuch examples, has given others foreign 
to the purpoſe ! | 
Such are the conſequences of Mr. Lorexa's embarrafſed method 

And, what is ſtill more extraordinary, the nugatory conclu':ons juſt 
now adverted to are mentioned by Mr. CLARKE pa. 51 of his S. ppl.) 
as inſtances that Mr. LorcNA was not ignorant of the algebraic ſum- 
mation depending on the different combinations of the fluentials in 
his general formulz!—adding, that his not particularizing the caſes 
of ſuch ſummation in ſome of his other theorems can, at worſt, be 
called only an inadvertent omiffion. A pretty excuſe indeed, after 
his failing where he attempted to particularize ſuch caſes ; and yet 
| boaſting of what he had done, with reſpect to poĩn ing out the crirerion 
of ſuch ſummation, as a very material improvement in the doctrine ! 
Will it be believed, that if Mr. Lok NA (who, it ſeems, did not aim 
at brevity) had well underſtood the problem, he would have omitted 
ſome principal parts of its ſolution? And can it be ſuppoſed that if 
Mr. ( LARKE had underſtood it better, he would not in his notes have 
ſupplied the defects ? 


&c. 


In 


In conſequence of taking one of the factors in the numerators equal (or in a 
conſtant ratio) to one of thoſe in the deuominators, 
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In my Obſervat ions, (ſtudying to avoid an unneceſſary increaſe in the 
length of the pamphlet,) I omitted taking particular notice of Mr. 
LorcxA's 7th Section, thinking I ſhould ſufficiently explain the uſe of 
Mr. Stwysox's theorem without adverting to that ſection. However, 
to ſatisfy Mr. CLARKE, who (pa. 52. of his Suppl.) ſeems to wonder 
at the omiſſion, I will take this opportunity of ſhewing ſome regard 
to that neglected ſection: to the purpole of which, the theorem at 
pa. 3. of my Ci ſer vat tons will be adapted if p and q be each =2; A 


. — r. d — 1 c—t.d—t 
being then = , B; , ci D, E, xc. each e 
ing „ . ; 
mics ©, trim condos HHH 2. 
r5t r+ls+1ft+1 YT+2S+24+2 r+3S+34t+3 
——_ x c (—$.4—3.x— . = 
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generated whilſt x from o becomes = @ - 
which expreffion®* when =, x are poſitive integers, and à is a root 


of the equation 
c -r. d- r. a c-. d 5. a — + c—t.d— tant - 
1 r. 93 . 
will (if finite) be 
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If -r, z—r be both even numbers the value of Q (which is infi- 
mite when 4 is 1) cannot be expreſſed ahebraically when à is 


— 
— 


= — I, 


But 


1 


* Suppoſing the upper ſign to take place in the denominator 17 
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But the value of Q may be ſo expreſſed when @ is = = 1, if, 
r, t- being both add numbers, A be = 2; 
or = being even and s—r dd, B be =; 
or v being cdd and 5—r even, Che=+4; 
Example I. The ſeries propoſed being 


4.7 511 6. 15 7. 19 = 
— — — — — + — — — Ke. 3 
1. 2. 3 2. 3+ 4 3. 4. 5 4. LY 6 Q 


we have c=4, =, r=, S=2, =, 4== 1, 

and Q = 73, 

4 

Example II. If the ſeries whoſe ſum is ſought be 


c will be = 6, d — L.r=1, S4, 7, a=-—1, 
4 


Example. III. If the ſeries propoſed be 


7.9 8.13 9.17 Io. 21 
3.40 „ $79 + &s 475-9 Q 


we have c=7, d=2, r=, = 4, 6, a=—1, 
4 
and _ 
120 


Thus, by Mr. Srupsox's theorem, are ſeries found with two factors 
in each numerator and three in each denominator, the figns being al- 
ternately + and —, whoſe ſums are expreſſible atzebraica/ly. Which 
ſort of ſeries Mr, Loxexa in vain attempted to find by his ill- expreſſed 
theorem pa. 96. 97!—Mr. CLARKE likewiſe has been puzzling bimſelf in 
vain about the ſame buſineſs at pa. 5. of his Supplement ; where his par- 
ticular caſes (even as he himſelf acknowledges) all relate to ſer ies with 
only one factor in each numerator and two factors in each denominator, 
inſtead of relating to the ſeries under confideration ! Had I confider- 

E | ed, 
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ed, in my Obſervationt, the ſeries here confidered, probably we might 
not have found his remarks (in his Supplement] on particular caſes of 
that ſerics ſo egregiouſly infignificant as they now are. 

His remarks at pa. 6. and 7. of his Supplement (on particular caſes, 
about which he has been farther puzzling himſelf) are not leſs ſhallow 
and infignificant than thoſe juſt now adverted to. For in the caſe he 


mentions art. 2. pa. 6.5 and 7 being reſpectively equal to - and - , 


his propoſed ſeries 4 ＋ . 41e a+2b.c+2e 
1 P+qm+nr+id+u” 5D i , 272. 


becomes : + t___ &c.andRis o; of which he 
PT. T p+290+28 


ſeems not to have been aware! The like may be ſaid of art. 3, where 
(in the caſe he falls into) Q is = 0! And, by what he fays at art. 4. 
Pa. 7. his want of a clear underſtanding of the caſes he undertakes to 
explain is farther betrayed ; the ſum being not infinite (as he con- 
cludes it is) when, * being == , x is == 1 : nor is it requiſite that x be 
== (as he imagines) when x has that value! See Ex. 3. towards the 
end of this Appendix. 

Another inſtance perhaps of his being puzzled is his repeating at pa. 
9. a theorem inſerted at pa. 8. For No. 273 is no other than No. 272, 
with þ + +5 g + 1 wrote therein inſtead of þ 

Truly may it be ſaid, we ſeldom find a writer ſo little ſkilled in the 
ſubje& he treats of, as our author and commentator appear to have 
been with reſpect to the claſs of ſeries whoſe ſummation they have 
attempted !! 
Mr. CLAnxE's argument, that the theorems in my Obſertetions can- 
not poffibly be deduced from what Mr. Stursox has done, without 
adopting the ſame principles, or method of prucedure, as laid down 
in Mr. Lonxcxa's Treatiſe, is as frivolous and trifling as his other 
arguments are. The inveſtigation of the general thereom, with 
which we are furniſhed by Mr. Sturson, is the primary buſineſs in 
the 
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the ſolution of the problem under conſideration: the adapting that 
theorem to particular caſes, ſo as to diſcover the criteria of algebraic 
ſummation, and to expreſs the ſum algebraically when it can be fo 
expreſſed, is a more eaſy ſecondary buſineſs, which may be perform- 
ed by divifion, or the compariſon of fluents. Mr. LAGS. method, 

after finding the genera! formula in terms of f. — . —— = &c.isto 


IN 1 


obtain therefrom another expreſſion in terms of the form fl. = — — ix, 


from whence the ſum ſought is found in algebraic terms when 1 —#* 
is diviſible by 1x ; but this method does not point out the complete 
criterion for all the caſes wherein the algebraic ſummation is poſſible, 
as the method which I have purſued does. I bring all the terms in 


which J. — 24 — &c. are concerned into algebraic terms and 
© 


terms of fl. 2 and I get rid of this laſt mentioned fluent by mak - 
Ir 


ing the ſum of the terms vaniſh into which it is multiplied. Which me- 


thods of genting rid of T &c. are clearly very different; though 


the algebraic terms afterwards retained are the ſame when the caſes 
are the ſame. The agreement of the conclufions deduced by the two 
methods, in certain caſes, does not prove that the methods of deduc- 
ing them are fimilar. However this fecondary bufineſs of transform- 
ing the general theorem ſo as to diſcover the criterion above mentioned 
is alſo performed by Mr. Siursox, in a peculiar manner, in his 4th 
propoſition ; ſo that nothing remains to be done in that propofition to 
adapt it to the purpoſe of finding ſuch criterion by any method of 
procedure fimilar to Mr. Loxexna's. And in the very ſame manner 
I might have deduced my theorems (alluded to by Mr. CLarxt) 
from what Mr. StvesoON has done in his 5th propofition, had I choſe 
to have done ſo, Whence it follows, that I could have deduced thaſe 

theorems 


1 16 J 


theorems without adopting the ſame principles, or method of pro- 
cedure, as laid down in Mr. Loxcxa's Treatiſe; unleſs it be admitted 
that his principles arc the ſame as Mr. Stursox's, which I think Mr. 
CLARKE will hardly admit. What then becomes of his firſt objection? 
He muſt either confeſs, that it is groundleſs, or that Mr. Loxcxa (in 
the buſineſs under conſideration) has followed Mr. SivesoON in his 
method of procedure ! The weakneſs of his affertion is farther re- 
markable ! for, if he had proved, that I have actually adopted Mr. 
Lorcxa's principles, or method of procedure; it would not have 
followed, that I cannot pyſſibly do the buſineſs otherwile. 

I am really at a loſs to know what Mr. CLARKE means by his ſecond 
objection in his ſupplement. Whatever he might think before my 
Obſertations were publiſhed, I cannot conceive, that he now means to 
aſſert, that the criterion alluded to extends to all the cafes wherein an 
algebraic ſummation is poſſible, with reſpe& to ſuch ſeries as Mr. 
Logcxa has confidered. If he would have it underſtood that his 
author has only in part conſidered the caſes of ſuch ſummation ; that 
is, when there is no given relation ſuppoſed between the factors, as 
what is ſaid at pa. 561. ſeems to import; I admit that Mr. LoxeNA 
has done no more. That narrow conſideration is the very occafion of 
my objecting to what he calls the indubitabl: mark, or true criterion of 
the poſſibility of an algebraic ſummation : which, as he ſays not 
a word of any defect in it, but (on the contrary) ſpeaks of it (pa. 23) 
as a method of finding with cestainty whether ſuch ſeries be ſummi- 
ble algebraically or not,“ we may reaſonably ſuppoſe he conſidered as 
quite perfect, and as affording the only rules neceſſary for difcovering 
the caſes in which the ſums of any ſeries, of the claſs which he treats 
of, may be expreſſed algebraically ; whereas there are innumerable 

| caſes 


—— 


—— 


„And a method is pointed out how to diſtinguiſh with certainty whether the 
given ſeries of this order be ſummible or not,” See the Preface, 
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caſes (as intereſting as thoſe pointed out by his rules) in which the 
ſums of ſuch ſeries may be ſo expreſſed, that will not be diſcovered by 
that imperfect mark, Of ſuch caſes I have already given ſome in- 
ſtances : and more extenfive rules, for diſcovering when an algebraic 
ſummation is attainable, are given towards the end of this Appendix; 
whereby it appears that his rules are only particular caſes of others 
much more general, which are deduced as corollaries from what Mr. 
Srursox has done. 

I ſee no reaſon to conclude, that Mr. Lo oA knew more of the ſub- 
ject than he has taught us. If he had known more, would not his 
giving only ſuch imperfe& rules, for diſcovering when an algebraic 
ſummation is poſſible, have been inexcuſable ; after obſerving, that he 
looked upon a rule of that kind as of the greateſt utility in abſtracted 
mathematics ? 

Of the numerous errors which I might have remarked in his treatiſe, 
I have (in my Obſervations) only adverted to three; (ſee pa.8, 10, andry) 
which are all of one kind, and are ſuch as I confider as errors of judg- 
ment, (that might, if not corrected, miſlead the reader) not as trifling 
inaccuracies, or negligencies, as the ſupplement-writer calls them. For, 
whatever he and his author may now know reſpecting the general value 
of =; it is not to be doubted (after ſo many proofs) that, as they 
had, in the caſe where y = 1, repeatedly conſidered the Log. of 1 


as the Log. of 1, and therefore = ©; if ſuch expreſſion had again 
and again occurred, they would again and again have commit» 
ted the ſame error: which, probably, to this time, would 
have remained uncorrected by them, if it had not been pointed 
out to them. The conſequences of which, as far as Mr. Loncxa's 
conclufions are affected by it, are noticed by me, with the fame 
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ſtrict regard to veracity as is obſerved in the writing down every 
other article in the pamphlet. 

There are a few other articles, in Mr. CLARK E's Supplement, of 
which I muſt take ſome notice. He calls upon me 'f rely not very 
pertinently) at pa. 52. to give the reaſon why | have not, in my Ob- 
ſervations, ſummed one fingle ſeries al;ebraically by my theorems, | 
when the number of factors in the numerators is only one leſ than the 
number of thoſe in the denominators, the figns being alternately + 
and —, andx=—1! Will he be cancid enough to acknowledge 
his inadvertance, when he is told, that ſeries of that fort are ſummed 
in Ex. 1. and 2. of the 4th Cor. of the work alluded to? Wucre, by 


taking r=1, in Ex. 1. we have 4. . . © - 2 &c. = 1; 
TRE RE IO 


and by taking = + is. 4. tc + &- 4 . 
JS 77 7-9 77 12 

What could induce the ſupplement writer to aſk pa. 53.) * what 
« Author befides Mr. LorxcGNa hath ever ſhewn in a general manner 

the impoſhbility of the ſummation of the ſeries 

4 ab(k-1)  a+1.b+; 'tk—1) K 
Park) p+igqtir+1(k) 
ſeeing that Mr. Loxe6wa, fo far from having ſheun in a general manner 
the impoſſibility of the ſummarion ot that ſcries, has not even ſhewn the 
impoſſibility of the ſummation thereof in 4 manner when k is greater 
than 2? Indeed at pa. 100 he ſays © iz nigot be eafily demonſtrated, if 
© neceſſary, that theſe ſeries having three factors in the denominators 
& (that is when the greateſt power of the index = in the numerator 
& js but one degree lower than the greateſt power of the ſame quanti- 
© ty in the denominator) cannot poſhbly be ſummed when the ſigns 
« are poſitive; the general expreſſion for the ſum in that caſe involy- 
s ing a quantity abſolutely infinite.” But is this ro be called demon- 
ſtration ? The general expreſſion for the ſum does then, it is true, in- 
volve 


&c.“ 
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volve an infinite quantity, and the ſum is infinite; but this does not 
immediately appear fr m Mr. Loxcxa's formula. Nor has he done 
4. thing reſpecting the proof of impoſſibility when & is greater than 
3! For any thing that app. ars in his book, the cucfhcient of the 
infinite quantity might, in certain caſe-, be = o; and conſequently, 
that quantity vaniſhing, the remainder of the exprefhon for the ſum 
might be finite. 

From the confideration of Mr. StwesoN's proceſs, it appears, that 
(A+B+C(+4)) the coefficient of the infinite part of the expreſſion 
for the ſum will always be = 1, when &—b is=1 ; and conſequently, 
the ſum will then be infinite. 

Inadvertence ſurely cannot account for a queſtion ſo little to the 
purpoſe! 

Another queſtion, not leſs unaccountable nor more to the purpoſe, 
than the preceding, the Supplement-writer has alſo called upon me 
to anſwer! He aſks, who, beſides his favourite author, hath ever 
ſhewn in a general manner the conditions or neceffary relation of the 
factors for the algebraic ſummation of the ſeries 

ab(k-1) a+1b+1(k-1) a+2h+2kt-1) _ 
Pr P+lj+lr+(k) ' p+2-4+2.r+2(8) 
a+3h+2 (k— 2 Kc 
57305 
though (unfortunately) it does not appear, that Mr. Los ox has given 


any gene al theorem reſpecting the ſummation of this ſeries ! 

But from Mr. SiMysoN's gent ra theorem, we have the expreſſion for 
the ſum, let the factors be what they may; and their neceſſary rela- 
tion, that the ſummation may be algebraic, is ſhewn by the equation 
arifing upon conſidering the coefficient of S as = o, 2 being 
taken =—1. | 

The following ati corollaries (relative to the matter in queſ- 
tion) are deducible from Mr. Stursox's ſaid theorem, and the con- 

fideration 
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fideration of his Lumma (pa. 76) : and, as neither Mr, Loncxa, nor 
Mr. Cart, has given us the like theorems, I preſume they may 
not be unacceptable to the intclligent reader : who will find, that they 
exhibit very comprehenſive rules for diſcovering the caſes of algebraic 
ſummation ; and give the expreſſion for the ſum of the ſeries, when 
it appears by thoſe rules, that ſuch ſummation is poſſible. 

Cor, I. When the differences Ph, p- Ps 5 p, (k—1) are all even 
numbers, 


22 =: en., 22 ths 


P? P = 3 1. T1. p ＋ (K) n 


„ 
7 PF 5 p33 vo 
I I I 
Ax p41 p42 Fr 
(k—1) 
A — A e 
— IL I — nm n 


2 
p-p-p—p(k-1) P P. PP (A 10 


Nl —p.b—p(t - 
yo 4 P. - 2, (4). 


— .— men mm 
p-pp-p(t-1) 
whence it is evident that the value of a, in ſuch caſe, cannot be ex- 
preſſed algebraicalh. ; 
But, being leſs than E- 1, if the differences 5-5, Þ—p, p—p,(m) 
be even numbers, and the reſt of the like differences be odd numbers, 


ill bez AT 2A+ 2A (m+1) -1x fl, —.— 
172 
generated whilſt z from o becomes =1, 


1 . r e 
A I OE. So: Dy Ys 
n 373 0 2 
„ I i”. an” 
> F F pag 20D 
(mn) 
ESE I "Fc. ay 
7 PI 5 pxz®t -0) 


AM. 22 
7 Fr F 5 
(4221). 
Conſequently, if A+A+A (m+1) be = +; 


or, which comes to the ſame thing, 


CL (mba) (m+4/) 
A+A+A (k-m-1)be=:; 


the value of a will be exprefled aſgebraically ; = whereof I have already 


given examples (pa. 13). 
Con. II. If, 5 being lefs than = 1, the differences p=p, p—9, 


bv 
pp, (m) be integers, and the reſt of the like differences be integers, 
or fractions whole differences are integers ; and 


A+A+A(m+1)be=o; 
or, which comes to the ſame thing, 


(meta) (m3) (mr) 
A + A + A (k-m-1)be=o; 


the ſummation will be algebraical, 


a= 62 (2) FR 277 21 + 2322+2 (3) i. 


PP? pl) p+1.p+1.p+10) te 


being then A x DEN 2 - 
1 


A x —+ + (2-2) 

a x =vx> 575 (9-2 

(nm) 
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{mbs) YT 
= 1 


EN I (+3) 7 
* eee eee 

P 5 +1 Pp +2 
. PWT HE ode 


( (mp2) e 
P . 


(k—-m—2): Z 
A being = ©—£;*=L 2 A= bed Lad Cf. , 
PP. ppi) Pp -p, ppi 
"! "yy : 
A = = . 
Þ—-P-p—Pp(&t—1) 


Con. III. If, b being leſs than &— 1, the differences = p. . P, 


Pp, (m) be even numbers, and the reſt of the like differences be any 
numbers, whole or fractional, whoſe differences are all even numbers; 


' 77 LL 
A+A+A(m+1) be o; 


or, which comes to the ſame thing, 


{mz} (m3) (mba) 
A+ A+ A ((- -i) be o; 


the ſummation will likewiſe be algebraical, 


al(hY) a+165+1.1'b) @+2.b+2(b) _,_ 
N 5 " Ts * 


PPP(K) p+1.p+1.p+1(k) p+2-p+2. p+2(k) 


1 e p x: 528 mw 
* Q ‚ fob) af p = 
Pp pF F838 Þ 02 


-A 


1 


1 7 1 4 7 2 
* RR” -F 
S þÞ $4 $9 


(k—m-2): 
A, A, A A, &c. being as in the preceding corollary. 


Reenph I. If, r and # being integers, 29 be =25+1; the 
ſeries 


I * I + 
4. Tr. 5. 4 q+1.4+r+1.5+1.5+t+1 
- — = &c. 
+2. 4+7 +2.5+2.5+1+2 
will be = „ e 
| FS == 9 8 Fark ) 
Z C 


t. 1 . 4 — r 5 $+1 $+2 $+3 
but, with reſpect to the wer of the double figns, the theorem only 


holds true when r and f are both even numbers. See Ov/ervat. pa. 
12. and 28. 


Example II. If, r and t being integers, 5=q x 5+7—q be == 
Xx 25+t—24q—7; the ſeries 
4 a a+1 


a+2 -— 
q+2.q4+i7+2.54 2.1+4+2 
will be io ue + me ® wo tr) 
1.5 — 4 T. ＋41—42—T 27% q+1 q+2 773 
4 — 43-1410 * "Rn. I * 


Dir 7 77 772 573 
but, with reſpect to the lower of the double ſigns, the theorem only 
holds true when r and t are both even numbers. 


The ſame may be found from Cor. 1. of my 0 roat. by taking 
the difference of two ſuch ſeries as are thercin confidered, 


It 


os 


It is obſervable that, if t be = 7, and @ be (= | » q+r +5) equal 
to half the ſum of the greatcit and leaſt factors in the denominator of 
the firſt term, the expreſſion for the ſum of the ſeries becomes 


OO 


3 43 HH 45 I (r 4 
3 q+1.5+1 qQ+2.5+2 ST; 


Ex ple 1 III. It, and f being integers, 
4 ＋ 21 — 1 * 14 x g be =a=q X 77 * 2317127 — 17; 
the {cries 


4 a a+t.b+1 CS 
7. 7 Tr. . 4 TI. 1711.11. 1 
2 ＋ 2. 42 l. 


172. q+r+2+ —— 
2 —9 r. 4 r I I I 

will , — ES 72 22 

a-s-tb—-s-t =. I I I "A 

r nn. 
but, with reſpect to the lower of ts double figns, the theorem only 
holds true when r and t are both eves numbers. 
It may be obſerved, that, whenever the ſum of the ſeries in the 
firſt example can be expreſſed algebraically, as in that example; the 
ſum of the ſeries in this example may be ſo expreſſed, in the terms 
here exhibited, if a+b be (= 2 q+r = 25+1) equal to the ſum of 
the greateſt and leaſt factors in the denominator of the firſt term of the 
ſeries. Which is the moſt remarkable, but not the only, caſe to 

which this theorem One. - 


find the ſum Ti the feries 


* 2b+1}* + 2b +3\* F 
hs” Fir 255 
Nrrrz l 2b +7 
1256 +1 
b. 25 — 1.2b+1” 


&c. 
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Which ſum is to the ſum of the ſeries whoſe denominators are the 


ſame as in this ſerics, and whoſe numerators are each t, as12hÞ:+r 
to 1.—See Ob/ervet. pa. 28. 


And by taking r=4, 5=q+1, i=2, and 4, b each =q+2; we have 


q+2)* = q + + 2 q + 4a\* — 


777 1.773.774 +4 2712 774.775 


772773777 
22 1 r oo  ££31%4 ; 
7271.172173 7.171.272. 73 
according as the figns are all poſitive, or alternately poſitive and ne- 
gative. 

Which ſum is to the ſum of the ſeries whoſe denominators are the 
ſame as in this ſeries, and whoſe numerators are each t, as 34* +99 
+4 to t, or asq*+34+4to 1; according as the figns are all poſi- 
tive, or alternately poſitive and negative. See OL ſervat. pa. 12. 

When m is =k—1, the two laſt corollaries coincide with Mr. 
Lorena's rules, as far as his rules extend. 

Having ſo fully explained the ſubject which I propoſed to diſcuſs, I 
now ſubmit it to the public to determine, whether Mr. CLaxxt has 
not without reaſon extolled the production of a foreigner; and difingenu- 
ouſly depreciated the work of our countryman, by imputing (particularly 
in his Preface to Mr. Loxexa's book) impropriety and narrowneſs 
to Mr. Stursox's method of inveſtigation ; and, with reſpe& to per- 
ſpicuity and generality, giving the preference to Mr. Loxcna's, which 
is plainly ſhewn to be ſo embarraſſed as to have puzzled not only the 
Author himſelf, but the Commentator alſo ! 

It may not be improper, before I conclude, to caution Mr. CLARK R 
to have a little more regard to propriety ; and not to write in ſuch a 
random manner! With him, every thing of Mr. Loxcxa's is wonder- 
ful! ſeries are ſummed whoſe ſummation had always been thought 
impoſſible, though comprehended in a theorem publiſhed near forty 

H years 
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years ago; proof in a particular caſe, or two, is general demonſtra- 


tion; perplexity is perſpicuity ; and aukwardneſs is elegance! 

We are told, that he has brought the doctrine of ſeries to its greateſt 
perfection, and left nothing undone thercin that could be expected or 
withed for! I wonder what great work © of thoſe that ate ſtill reſerved 
« for the ſagacity and ſurprizing penetration of a Lox A“) he will 
next produce ; that may give farther ſcope for the employ ment of his 
friend's extraordinary talent at book-ekim;, or writing notes explana- 
tory and critical. 


Tus END or TRE APPENDIX. 


ERRATA. 
In the Obſertations. 


ar —* 


Pa. 9, 1. by read — - 

9, L 5, f S—-rt-S 127. 4-2 
92 

and for — 

7 11. 52 1 — 1.5 — 14 


Pa. 24, I. 15, for 1 I. ra, read 1. 1-2. 4 
and for 72 1. r. 11. 4, read 11. 12. 13. a 


POSTSCRIPT. 
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POSTSCRIPT. 


Tur value of 8 may be found by the equation between the two 


values of Hat a. 77. of my Memoirs, by taking x=0, and conſequently 

=o —1; though Mr. CLARKE, as it ſeems by pa. 22. of his Supple- 
met, could not perceive the poſſibility of finding it by ſuch means 

At pa. 138. of the A pendix to my Memoirs, the exponents of ⁊ are 
printed a, #— 1, #—3, #—4, &c. inſtead of 1, 1 1, - 2, 3, 
&c ſuch miſtakes the candid reader will readily correct and excuſe, 
T. is is the error which Mr. CLarke alludes to, in his note pa. 20. 
of his Suppl. leaving the reader to imagine it a very great one! 

With reſpe& to what may have been diſcovered by Jobn Francis de 
Tuſchis de Fagnaus and his Father; I can, with the ſtricteſt regard to 
truth, averr, that | had never, by any means whatever, ſeen (or heard 


of) eny of their Works before the publication of Mr. CLarke's Sup- 
Plemen; nor have 1 ever ſeen any of the Aa Eruditorum, or Diarium 


rudi or um Italiæ, or the Works printed at Peſaro, mentioned in that 
pamphlet,—Irs author therefore may take ſhame to himſelf for the 
illi>eraliry of his reflections —If I have proved his want of ſkill, he 
himſelf has proved his wan of candcur, 
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HE Obſervations which I firſt publiſhed being chiefly intended 

| to vindicate the reputation of my deceaſed friend Mr. Stursox, 
by ſhewing, that his method, fo far from being chargeable with im-, 
propriety and narrowneſs, (which are unjuſtly imputed to it in Mr. 
CLARKE's Preface,) is more elegant, more perſpicuous, and not leſs, 
(if not more) general than Mr. Loxexa's; I omitted many proofs, 
which I might have adduced from other authors, to ſhew, that the laſt 
mentioned gentleman's work is, as I had afferted, extolled without 
reaſon; being then fo far from having any intention of criticifing the 
tranſlation of that work, and the tranflator's. notes upon it, with the 
ſeverity they deſerve, that I had no thoughts of taking any farther 
notice of them. But the Remarks fince publiſhed by the commentator, 
B in 


_ 8 4 \ 
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in his Supplement, led me to write an Appendix to thoſe firſt Obſerva- 
tions; and his Additional Remarks now lead me to expatiate a little far- 
ther on the ſubject, to take ſome notice of what Mr. Dx Morvaeg and 
Mr. STiRL1xG have done reſpecting the ſame claſs of ſeries as is con- 
ſidered by Mr. Lorcxa, and to add a few animadverſions on thoſe 
notable publications of his bungling b:o&-ekers 

My Obſervations were not publiſhed until about /wo years had elap- 
ſed (as appears by the dates) after the appearance of the work which 
occaſioned my writing them. Time enough ſurely for drawing out 
correfions, and dreſſing up a Supplement! For though the numerous 
errors in that work required not a little time to correct them; yet cer- 
tainly little or no time could be wanted to make ad1itions to a work, 
which, according to the commentator's own declaration, had brought 
the doctrine of ſeries to its greateſt perfection, and left nothing un- 
done therein that could be expected or wiſhed for.—But it ſeems ans- 
ther year was found neceſſary to hatch the embryo, and bring forth the 
extraordinary production alluded to ! Its appearance, after all, as I 
had reaſon to conclude would be the refult, did not evince, that my 
Obſervations were unneceſſary. g 

I am always ready to acknowledge the merits of any ingenious work, 
whereof I can form any judgment; whether it be the production of a 
Britiſh, or a fereign author; of which, I preſume, my publications 
afford ſome proofs. And, as I am pleaſed when I meet with any thing 
worthy of applauſe; ſo am I provoked when I ſee a very valuable 
work difingenuouſly depreciated, to make it appear inferior to another 
of little value. 

Moved by ſuch provocation, I took up my pen to expoſe the difin- 
genuity glaring in the work adverted to above: and, I truſt, the 
public will not conſider me as having (by ſo doing) unfairly attempted 
to detract from real merit; but rather as having laudably endeavoured 
to prevent the miſrepreſentations of an oſtentatious commentator from 


operating as detraction to the prejudice of the praiſe-worthy. 


Mr. 
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Mr. Dx Morvxs (in his 1/5cell. Auacyt. pa. 110) beginning with an 
eaſy caſe, puts 


x » a * . 
—_—_ rw; +2 +a EC =0t; 


1 - K* 
whence, by taking the fluents, he finds 
* x* x* 


_ r 


Likewiſe, from the laſt equation, by multiplying by & and again 
taking the fluents, he finds 


x? x* x* S* VU 4 31 
P = — oF +——— — 
1.2.3 2.34 345 2 1 
hence, by taking x = 1, it appears that 
1 L r 


— * r ngyr &c. is = = 
1.3 2434 3-445 4 


Moreover, from the equation x + x" x + x%x Kc. = — 


| ſame author, by taking the fluents, gets 


g* 0” 1 2 3 
„ &c. = . * 2202 - L. og. 2 : +7 Log. 1+x+zx-, 


ix 


2 denoting the circ. arc whoſe rad. is of 7 and 92 
Whence, by multiplying by x and again taking the fluents, he finds 
8 1 1 2 
* — Vi+x+x* 2 
—6 Log. T T Log. = “ _ > ww = 
"RES 1 : 
A 5p wing = IO TE TT OI SOT. 


It is farther obſerved by Mr. Dx Morvrt (pa. 120, 121) that ſeries 
confiſting of terms having ſuch numerators (as well as ſuch denomi- 


nators) as thoſe belonging to any of Mr. Lorcxa's ſeries may be 
| ſummed 
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ſummed by taking fluents as above, and by taking the fluxions after 
multiplying by certain powers of x. 

Theſe ſteps plainly point out the way to be purſued generally. And 
by comparing this ſhort view of Mr. Dz Moivrt's method with that 
given of Mr. Loxcxa's, pa. 2, 3, 4, of my Appendix, the fimilarity of 
the two methods (with reſpect to their primary and fundamental parts) 
will, I preſume, be very evident; the one being only more generally 
and diffuſely applied than the other, with the terms expreſſing the 
value of the ſeries differently arranged : even the reſolving the term 
f. vr into the two terms vx fl. vx, as Mr. Dx Morvse has done, is 
the very ſame bufineſs as is performed by means of Mr. Loncxa's 
Lemma, pa. 16. 

With what propriety the applying the method more diffuſely, with 
the terms expreſſing the value of the ſeries differently arranged, can be 
denominated a method entirely new, the reader will judge. 

The point in diſpute is not as the commentator would repreſent it 
in his Aadi:ional Remarks, whether his author's CZ cumenical Formule 
will give the ſums of ſeries in all cafes to which they can be adapted, 
and by management afford other rules, reſpecting the algebraic ſum- 
mation, befides thoſe laid down in his treatiſe ; but the point is, has 
he a/rcady laid down in that treatiſe rules whereby we may know, be- 
fare we ſet about computing the ſum of any ſeries by any of his for- 
mule, whether the caſe be ſuch that it will be obtained in finite alge- 
lraic terms; and, if it will be / obtained, to exhibit its value by a 
conciſe expreſſion adapted to ſuch caſe, that we may not, by recurring 
to the Ecumenical Formula, be at the unneceſſary trouble of com- 
puting the values of terms, which in the end may deſtroy each other? 

And, with regard to that point, I have clearly ſhewn, that Mr. 
LorcxA has not given us any other than very imperfect rules for that 
purpole in his 4th, 7th, and 8th ſections. 

To ſhew now, as the commentator does in his Audit. Rem. after 
having ſcen my improvements, that better rules than thoſe laid down 

by 
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by his author, for the purpoſe abovementioned, might have been de 
duced from his theorems, is, in a great meaſure, proving the charge 
which I have brought againſt the tranſlation and notes alluded to; and 
evincing, that both thoſe gentlemen were, before, either puzzled, or 
inexcu/ably remiſs in not giving more perfect rules than are to be found 
in that work, ſceing that rules of that kind are acknowledged to be of 
the greateſt utility in this branch of mathematics. 

The new ones, which I have given for the ſame purpoſe, towards 
the end of my Appendix, are true in every caſe to which they refer, 
even in the caſes where Mr. CLarkE (in his Audit. Rem.) ſays they are 
not ſo! 

Intelligent readers, for whom thoſe new rules, or theorems, are in- 
tended, will, without farther explanation, readily apply them; and 
will, I truſt, find them not inaccurate : whilſt readers of an inferior 
claſs may poſſibly miſunderſtand them, and imagine they are erroneous. 
—A reader of ſuch claſs may perhaps not obſerve, that, in applying 


the theorem at pa. 20 of my Appendix, 55. 5 -. 5 5. (m) muft 
be even numbers; and, not regarding that condition, he may, in ſum- 


ming ſuch a ſeries as 5 2. . =>} &c. by that theo- 


rem, blunderingly take p, p, Þ equal to 1, 2, 3 reſpectively, and fo 
have p— p an odd number; (ſee Mr. CLarxE's Addit. Rem. pa. 12); 


though the theorem plainly indicates that p—p muſt be an even num- 
ber : and, in conſequence of ſuch blunder, he may imagine he has 
found a defect in the theorem, when in reality the defect is only in his 
own underſtanding !—The theorem rightly applied will indeed appear 
$7 $8.9 1111 14.13 
to give the ſum of the ſeries 75 3 1 &c, which 
I venture to pronounce, may be ſafely aſſumed as equal to the pre- 
ceding ſeries. 


C If 
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If ſuch blunder be avoided, I am pretty confident, none of thoſe 
defects will be found in the new theorems in my Arpend:x which our 
cavilling remarker, wiſhing to depreciate them, pleafed himſelf with 
imagining he had diſcovered. 

If, in applying my theorem { Append. pa. 20) to the above ſeries, a 
be taken 4, ö, pt, pz. and p=2; we ſhall have Arz, 


A=-2, A=2, and the ſum ſought =4: not negative as the blun- 
dering remarker brings it out ! 


That the differences 5 — p. 5 p,. 7 — p, (m) are to expreſs even 
numbers, is evident, not oply from the words (or tenor) of the con- 
dition in the theorem, but alſo from the figns in the algebraic part of 
the value of the ſeries. 

I have, at pa. 14 of my Obſervations, ſhewn that 
c _c+1.4 c＋ 2.2 * 


77 * 141441 + F+25+2 &c. 


CS . 42 
vill be f -Nf + roi + , 


when, y being a poſitive integer, 4— — — is S o. 


Which theorem, when the value of Q is finite, muſt, under thoſe 
reſtrictions, be true, let @ be what it may. 
IF 


The value of f. - 


— is here not at all concerned. Were it re- 


quired in the general expreſſion from whence this theorem is derived, 
it might as well be conceived to be generated whilſt x from o becomes 
2 1, as whilft R in the former caſe x— 


yo] 


1 — AA J generated whilſt y from o becomes 1 y 


being ſubſtituted for — 7 The double figns, in the ſeries and its 
value, are therefore not abſolutely neceſſary. 


It 


1 


If a be t, i: is plain 2 muſt be an add number; other- 
wiſe 5 muſt be = r, and the theorem will fail, becauſe we canrot 
then aſſign the value of the expreſſion for the ſum. But, à being 
any quantity greater than — 1 but leſs than 1, it is alſo plain that 
r may denote either an eve or an cdd number. Therefore, 
when -u is an dd number, à may be any quantity leſs than 
1 that is not leſs than — 1. In Ex. 1 and 2, pa. 14, 5—r is an odd 
number; and thoſe examples are evidently contrived to correſpond 


WI ER ©. 
with the ſcries 222 &c. and — —_ + — &c. propoſed 


Ex. 1 and 3, pa. 73, of Mr. CLAaRKE's tranſlation, upon taking 7 =1 
in the former, and kx in the latter: as is Ex. 3 (Obſervat. pa. 15) to 
correſpond with Ex. 3 (Tranſlat. pa. 70), by taking r=2. Yet that 
gentleman has ſo little diſcernment, or ſo much malapertneſs, as to 
cell me, I have not there ſummed the ſeries Q when a is =— 11! 
though it is manifeſt, that, to ſum ſuch ſeries, it is only requiſite to 
take @ therein =— 1, and to obſerve the reſtrictions in the theorem as 
ſtated above.—Surely ſomething worſe than inadvertence 15 obſervable 
in our remarker's miſrepreſentations of facts, ſo far as they relate to 
paſſages in my writings ! 

Readers, who underſtand the ſubject, will obſerve, that I have 
given the value of that ſeries when @ is = — 1, or any greater quantity 
leſs than 1, by ene elegant theorem; whilſt Mr. Lorcxa, after a long 
laboured proceſs, to effect the ſame buſineſs, has autwardiy made uſe 
of two theorems for the different caſes! And ſuch readers will be 
aſtoniſhed at the commentator's effrontery, when they obſerve (as they 
may) that he has even aimed to give, at pa. 4 of his Suppl. a theorem 
tantamount to mine, as an improvement upon what his author had fo 
aukwardly done ! 

My method of writing a ſcries that may be fummed in algebraic 
terms, in ſuch a manner as to comprehend many numerical ſeries, 
and to anſwer, in each of them, the purpoſe of Mr. CLAaRKE's ſumma- 
trix, will, whatever he may think of it, be approved, I preſume, by 


every 


C8 3 


every candid reader. And I almoſt atture myſelf, it will be allowed 
by ſuch reader, that my notation i; preferable to Mr. Loxcxa's; 
being, with Half the charactets he makes ule of, as general as his, 
and as eaſily adapted to particular caſe-. 

Many indecd are the notable devices which the commentator has 
made uſe of, to make his author appear ſuperior to every other, with 
regard to the ſummation of ſeries ! I will here ſelect one or two, which 
perhaps may be reckoned curious. 

At pa. 45, 46 of the tranſlation under confideration, the following 
ſeries are propoſed to be ſummed, vig. 

I 


I 
— — ——— &c. A 
— + a+ + (=A), 


I 1 I | 4 
2.5 10 48.12 T Titoag © Ge. (ws 
I I I 
1.910 21212 3.75.14 9 


I I 
2-68 T 3.8.10 * 77812 + fe. (= * 

Upon which, to catch what he thought a favourable opportunity for 
introducing a puff or two, the commentator remarks (pa. 5 5), that, 
with reſpe& to the firſt of thoſe ſeries, © we cannot but obſerve how 
© much more elegant and conciſe this (Mr. Loxexa's) method of 
& ſummation is than that given by De Morvxe in his Miſcell. Anaht. 
10 pa. 114, for the ſame ſeries.” (Sce pa 3 of this Supplement and 
judge for yourſelf good reader.) And he adds, © it is worth notice, 
* that the two latter are of thoſe ſpecies of ſeries which have hitherto 
© been deemed incapable of ſummation ; the factors in the denomina- 
* tors of their terms being neither immediately conſequent to each 
« other, nor belonging to the ſame arithmetical pragreflion.” In 
which remark the reader will obſerve ſomething inde + worth notice! 
The firſt ſeries. (A) is ſummed by Mr. De Morvzs, and it is very ob. 
vious, that A- is = 4D; yet the ſeries D, our commentator tells 
us, is one of thoſe that have hitherto been deemed incapable of ſum- 
mation 


oo 


mation !—as is the ſeries C, though 3C is manifeſtly =4B, and the 
ſeries B is not reckoned in the ſame predicament with the ſeries C 
and D! 

At pa. 71 and 94 he introduces other puffs! by telling vs, that two 
ſeries ſummed by Mr. Logdx A in his 4th ſection, and two ſeries ſum- 
ned by him in his 6th ſection, are of that order of ſeries which before 
were decmcd incapable of being ſummed algebraicaliy ; though they 
all may readily be ſs ſummed by methods publiſhed many years before! 

the gencral tenor of his boaſting, I believe, molt of his readers 
my have been led to imagine, that, in the book he has tranſlated, the 
ſums of many ſecrics are aſſigned in fi ite al;ebraic terms which could 
not be ſo aſſigned by any method publiſhed before: but how will they 
be turpriſed at being aſſured, there is not ene ſeries (whether with ſigns 
all pofitive, or alternateiy poſitive and negative) ſummed in ſuch terms 
in that book, which may not be ſummed in the ſame terms, not only 
by Mr, Stursox's method, but even by Mr. STIRL1NG's, exhibited in 
his Methodus Diffcrenttalis, publiſhed more than ha!f a century ago !— 
It is ſurely very ſtrange, that amidſt all our commentator's boaſting, 
there ſhould not be found oe firgl: ſeries ſummed algebraicaily, which 
may not be /e ſummed by the method laſt mentioned! Yet fo it is. 
Nor is it leſs remarkable, that his author's boaſted criterion of a gebraic 
ſurnamaticn (as it appears in his book) is no other than that which is 
plain'y indicated by Mr. StirLING's methud, as well as by Mr. 
SIMPSON'S. 

In cach ſerics (whoſe ſigns are all poſitive) ſummed algebraically in 
Mr. LoncNA's book, the factors in the denominators of the terms 
(agreeable to the known rule which indicates the poſſibility of alge- 
braic ſummation) are either in the fame arithinetical progreffion, or 
may be eafily reduced to the fame. How ſhamefully then have the 
readers of that book and its tranflation been amuſed and trifled with, 
by being told, that ſome of thoſe ſeries were before deemed incapable 
of being ſo ſummed, only becauſe their terms are diſguiſed by being 


D drawn 


10) 


drawn into certain general factors! Can the multiplz ing by a genera! 
factor, or tvo, render that ſeries incapable of algebraic ſummation 
which before was capable of ſuch ſummation? Surcly it cannot. The 


OW + 7 I 3 5 ; 
ſcrics OTST TINT” &c. DN cc. &c. for in- 


ſtance, appear (by the rule abovementioned) to be capable of alge- 
braic ſummation ; and fo they are :—Ts it not then a device, for the 
purpoſe of making the boaſted method appear to cxce! every other, 


EY 1 4 WE Hy I 3 5 
that the ſerics 3.6.28 6.8.35 © 9-10.42 &c. 1.2.0 1 2.3.5 34-10 &c. 


— — 


W 


. ; . 
&c. which are 1 equal to 740 * . it Tos &c. 


I I 3 5 ; 
2 XTi T 234 34 c. &c. arc ſaid to have been deemed inca 
pable of ſuch ſummation? 


And is it not another device, for the ſame purpoſe, that we are told 
by the commentator (at pa. 40) * the ſummation of the ſeries 


PP 14 21-75 &c. is ſaid to be impoſſible by Mr. SrixlIxG 
tc and ſeveral other authors ?”—I do not find, that Mr. STtixziixG has 
any where ſaid ſo !—That ſeries may certainly be ſummed by his me- 
thod, though not in finite terms : and whether it mav be ſummed by 
means of logarithms, or not, he has not faid. —Mr. CLazkxe has not 


ſhewn, that it may be ſummed algebraicalq. 
1 


Is it not obvious, that 82 &c. 


| * 


| + + 
win wes hes jos 


to joe bees fs - 


And, 


„ 


And, every novice knowing, that 1 +4 —- Kc. is = Hyp. Log. 
or 2; who docs not know, that the laſt cxpreficn for the value of the 
jerics in queſtion is = Hy p. Log. of 2—\'; ? 

The commentator, to magnify the importance of the buſineſs of 
ſumming ſerics whoſe terms have but one factor more in the denomi- 
tor than in che numerator, fa laciouſly refers us, in his preface, to Mr. 
Stvuysox's and Mr. StiRLING's writings ; wiſhing vs to believe, they 
looked upon that buſincls as impoſſible to be performed by their me- 
thods. 

With reſpe& to Mr. Stweson, I have remarked in my Obſervations, 
pa. 21, that the reference is quite falle! and, with reſpect to Mr. 
STIRLING, it may be obſerved, that, when he ſays (in his 2d Prop. 
Summat, Serier.) © Series ſummabitur, dummodo 7, b, c, d, &c. fint 
5 integri, et numerus factorum in denominatore, ad minimum binario 
* excedat altiſſimum ipfius z dimenſionem in numeratore;“ he is only 
ſpcaking of ſeries wherein the ſigns are all poſitive, and x =1 ; which 
is the ſort of ſeries conſidered in that propoſition, and what he there 
ſays is undoubtedly true.—In his 3d Prop. he gives us a theorem by 
which we may readily find the ſums of that very fort of ſeries, about 
the ſummation of which, the commentator makes ſuch extraordinary 
boaſt. | 

To do juſtice to Mr. STiRL1NG, I think it right to inſert thoſe two 
| propoſitions here; and to ſhew by examples, how all the ſeries, which 
Mr. CLarKe ſays were deemed incapable of being ſummed algebrai- 
cally, may be ſo ſummed by the Differential Method, publiſhed ſo long 
ago as the year 1730! 


PROPOSITIO HI. 


gi termini cujuscunque ſeriei formentur ſcribende numerss quoſuis uni- 

©« tate differentes in quantitate | 
mA A B C > 1 

7 (T =} I 227 1. 2 * 17 2 1.2 T 2.213 . ＋T 1. z T 2. ＋ 3.214 
«© Summa 


„ 


« Summa ommium terminert in iulnitum, iacipiens ad det uḿ niemt't! e. 


« Eri ,⏑jG, cri: 


«« (CG Þ CC 
. ' CC. 
( ) 2 72827 1 238.8 ＋ Þ 212 4 — 2 1 2 172.8713 
I I 1 : 
Ex. I. Taking the ſeries — + — — Cc. (=S) from pa. 2: 
Jo. * 6 12 9.10 


I 
's book; T will be = mand S=—— 
of the commentator's book; T — 1 


— 4a 


when (to comprehend the whole ſcries) = 15 tahen St. 


: I I I - >: 3 —— 
Ex. II. Taking 88988 re &c. (= 5) the next ſeries ir 
: 83 3 
the fame book; T will be = r Hine 
I I 


values of 2 being 4, 5, 6, &c.); and 8 will be = —— —_— 


241 _3 
ri mg when (to comprehend the whole ſeries) z is taken 4. 


Ex. III. Taking from pa. 46 of the fame book, the ſerie; 1 


1 
+I ie &c. (S) which is adverted to at pa. 8 of this 


I 
Suppl. we have T = — - (the values of z being 2, 3, 4, &c.) 


: I I a | 
and S will be = "CIT" x when (to include the whole ſeries) ⁊ is 
taken = 2, 

Tv 2 I 
Ex. IV. The ſeries — — ＋ . = + 677 &c. (= 5S) 38 


POR EG 1 
t en from pe. 66 of the ſame book; T will be 5 


= 1 : | 
42.2 + 1.2 +243 +3 TI TZ TT TTA and S will be 


( 13 ) 
| REM 3 PR 42 7＋3 


IT. T IT TT 163.2 ＋ 1.2 ＋ 2. 2T173 48 X 2.3+1.2+2.2+3 


18 when 2 is taken = 1, 


Ex. V. Taking, from pa. 84 of the ſame beok, the ſeries — 


3+5+7 
2 3 
— — &c. S) concerning which, Mr. CLARKE has given 
+ 3+ (S8) ing 8 
us (pa. 88, 89, 90, 91, 92, 93, 94) ſuch a ſtriking inſtance of his 
2—2 I 7 


2. 2 +2.2+4  ZZ+1 2.2 +1-Z+2 
18 | 18 


pedantry ; we have T = 


TEES 2 ＋2.2 +3 —2.2+1.2+2. NY 2 +4 (the values of 2 being 
1 : RO, 7 * 
3, 4, 5, &c.); and 8 will be = r 
9 —— +. wad. nu TION N * 
222 T 1.2 T2 2＋4＋3 3 — 240? when 2 is taken =3, 
3 
Ex. VI. Taking the ſeries A — + I T* = &c. (8) from 
pa. 85 of the ſame book; we have T = 3 
22.2 ＋ 1.2 ＋2 2. 2 ＋ 1 
5 Bs SE On OS | 
er and S will be = ora 


«*«PROPOSITIO III. 


cc Si termini cujusvis ſeriei formentur ſcribendo numero: quoslibet unitate 
& differentes pro Z in as al 


« (T) = * i =+ INF SOR eee tba 


x 2. 2 11 ZZ+1.3+2 2.2 ＋ 1.2 ＋ 2.2 T3 
4c erit ſumma (S) ægualis x in 
E a 


( 14 ) 
4 b— Az £—2Bx d- 3Cx 


— 42 


« Quantitates A, B, C, D, &c. deſignant cocſſicientes terminorum 


&c. 


© præcedentes eos in quibus reperiuntur ; ſcilicet eſt A = - — 7 
0 — 2Bx 

« B = . 4 Cm » &c. et ſic porro.“ 
1— * 980 


A few examples of the uſe of this theorem will ſhew what ſort of 
foundation there was for our commentator's extraordinary boaſts, and 
how well his references are to be relicd on. 


1 I I 
Ex. I. If we take the ſeries — 75 7 © OT &c. (SS) from 


I 
62.2 ＋2 1 


pa. 22 of his book; we hall have T = H x 


_— I I 


—| X 62.2 T1 062.2+1.2+2 


(x being = —1): and 8 will be = 


Oy I 3 I Fl F a 2 rx 
ol IX TI" when z is taken = 1; B being = — and A, 


C, D, &c. each = 0. 
Ex. II. Taking the ſeries 


I I 
1.9.10 212.12 J. 15. wi * (3) 


1 8 
from pa. 46 of the ſame book; we have T==I. Tr 


21 1 1 1 


-i XN QZ 222 * 127 2.8 +3.2 +4 


: I 
(x being =—3); and 8 will be n= NE 


un 8 <6 TO 
TIA TZ; —1 e SEITET Tn 75. , when z is 
taken = 1; C being = v, Pf, and A, B, E F, &c, each = . 


5 „  - 


CW 3 


Fx. III. The ſeries — TIEN — = &c. 


1.0.10.21 2.8.12.24 7 3.10.1427 
(=S) from pa 66 of the ſame book being propoſed ; T will be = 


a I 
i X 


z—1 I I 


122.2 TZ T= * 12.2.2 T 1.2 T3 22. 3 T 1 2 +4 


n —___A. _— 


22 = Wr being =— 1); and S will be 

1 0 | ts 

rn 
5 E T5 E55 11 | 


OT IT wo Ya Tn, when 2 is taken =1z D being 


r, E= -E, Fr, and A, B, C, G, H, &c. each = 6. 


EY „ * 
Ex. IV. Taking the ſeries 1337285 ˙* 75.3 &c. (= 5) from 


2+} 
pa. 69 of the ſame book; we have T =; Xx 82 2 


„ X I 
=} X 42 T 82.2 ＋1 


(x being = 4; and the values of z being 


2, 3,5, &c.) Conſequently S will be = 3] X > 1. when z is 


taken ; A being =, and B, C, &c. each . 


3 17 _- = ? 
Ex. V. The ſeries A &c. (= $) being taken 


| —2 22+8 
from pa. 70 of the ſame book; T will be = AI 9 1.2 


Z—2 
— 222? 66 DNLIPN ing = — 2; and the values 
== X75 42-2+1 42-2 ＋ 1.2 ＋ 2 * . 


: 3 I 
of 2 being 2, 3, 4, &c.) Conſequently S will be ==J| x Az 22 +i 


=, when 2 is taken =2 ; A being 3, B=, and C, 


D, &c. each = 0, 
Ex. VI. 


3 4 9 9 


( 16 ) 


1 TR | 
2.8 4.12” 6.16 $20 &c. (= 5) from 


D 
— 
* 2.2 +1 22 42.2 +1 


Ex. VI. Taking the ſeries —; 


* 73 of the ſame book; we have T ==| 50 


—_— 


(x being =—1); and S will be - re" = 4, When 2 is taken 
=; B, C, &c. being each = 0, 
Ex. VII. The ſeries — - + +X& Kc. (= S) being taken 


3.5 5.7 7.9 9-11 
2— 1 282171 2—1 1 I 


from the ſame page; T will be ==] rr 1 =I FE — 82.2 +1 


(x being = — 1; and the values of = being +, 1, 7, &c.) ood: 


S—; 1 
S will be==7| x err, when 2 is taken =+; B, C, &c. being 


82 


each = 0. 


Ex. VIII. Taking the ſeries — — 1775 Kc. (SS) from 


F 1 —1 2＋ 1 
pa. 84 of the fame book; T will be == IJ 


* LTA pt 22 + LooeceZ +4 
e ee 9 

== 22.2 T 1.2T 2 42.2 ＋ 1.2 ＋ 2.273 
W 3 

222i * TiaTT; = when z is taken S; A, E, F, &c. 
being each = 0. . 


Ex. IX, If we take the ſeries . £7 _ 89 , 11:01 _14: 


&c. (=S) 
1.2.3 2.3.4 3.4.5 4.5 8 
which is mentioned pa. 5 of this S:ppl. and may be found pa. 12 of 


Mr, CLAaRKE's Audit. Rem. T will be 21 x = 1 2 ==] x 


— (s being= 


-1): and S will be i * 


6 


(9 3 


—  — —— — 


2 _ a . @ tg =-): eS*M = 
2 2.3 ＋1 2.2 T 1.8 ＋2 
„ 3 2 3 3 ＋5 _ SY 2 
—1| > 2 ＋1 17 2.2 1 5 when 2 18 taken — tl 
D, &c. being each = 0. 

N 


The value of T being 


Da where N is ſuppoſed 


—= Az —2＋ Bi = &c. if a, , &c. be any poſitive integers, the value 
of S will be aſſignable in aleLraic terms, by Prop. II. the figns in the 
ſerics (S) being all poſitive, 

If, the terms being the ſame, the figns be alternately poſitive and 
negative, and the ſeries be then denoted by V; the ſeries (S) of the 
poſitive terms only will be 

N E: BY 

a © 2+2:2+a+2::+b+2(n) 

23-3 +24-J+30 (nj 2:J+13+31a+13+30+1(m) 
being = 1 L. 


&c. 


&c. 


Therefore, if a, b, &c. be even pofitive numbers, the value of S will 
alſo be aſſignable in algel raic terms by Prop. II. and conſequently the 


value of V (2288) will then be aſſignable in ſuch terms by that 
propoſition. 


This is the very ſame rule, or crilerion, as Mr. Lozcxa has given, 
reſpecting the algebraic ſummation, about which ſo much boaſt is 
mace in Mr. CLARKE's book ! this having the advantage of being ge- 
neral tor any number of factors, whereas Mr. LorxcxaA's relates only to 
the few particular caſes which he has conſidered. 


But the ſummation may be algebra in other caſes, as well when the 
hgns are alternately poſitive and negative, as when they are all poſi- 
i F tive; 


GE | 


rive; as I have ſhown by Mr. SIMPEON '$ method : and the fame ap- 
pears by Mr. Srin tig, ou; of which the following are inſtances. 
4 I 


Ex. . 8 bein __ C * 
5 T4418 — 1 IT ＋Z2z. TZ. T2 &c 


I ; 
T = — g —r 
2 2 ＋ 1 — 872 = - r 38-27. 3772 


4 4 4 


32 +1 T 37 5 T1. 72 32.2 T1 


and 8, by Prop. II. is found i KO - * ENG 
F = moien&TT 


Ex. II. 8 being = — . ome n 
5 S rr - Z. TI rTIITTzT TTT 7 * 


* a 1 
ä W. — 
T. ST 1.2 — 1817 3. — 208 T2 38.3T71 33772 


I 4 4 


© 35-2 +1 5571 3557 708 5 3.2417 being put for = — 


and S, by Prop. II. will be 8 3 f N 
35 33% T1 32 3.2 — 2.8.2 +4 


It is obſervable, that the ſcries here exceeds the ſeries in the pre- 


„being put for : 


ceding example by the quantity —, 


I | I 


Ex. III. 8 being = —ITI3 Fan Ta” PTT T5 * &C, 
T will be ==7] an” TE. * 
3 
2 . — — . — : and 8, by 


. S T1. +243 +3 2. + 1.8 T2. 322 5874 
1 
X „ 
28. T1. TZ T3 


Prop. III. will be = Z7| D being a 4, and 


A, B, C, E, F, &c. each = 0. 
It is obvious that, by this method of Mr. SrixLIxc, the ſum of 
any propoſed finite number of terms, in any ſuch feries as the fore- 


going 


C.J 


going ones, may be very readily found by taking « of ſuch a value in 
the expreſſion for the value of 8, that ſuch cxprefſion ſhall give the 
ſum of the remaining terms of the ſeries when that finite number 
(ſuppoſed at the beginning of the ſerics) ſhall be taken from it : for then, 
ſuch ſecond value of S being taken from the firſt value thereof, the 
difference will be the ſum ſought. 

In the eaſy manner above explained, are ſeries (whether with ſigns 
all poſitive, or alternatcly poſitive and negative) ſummed algel raically 
by Mr. STiRLING's theorems z even a thoſe which we are told, in 
' Mr, CLarKkE's book, were deemed incapable of ahebraic ſummation ! 

Did he underſtand Mr, STirLIxG's and Mr. Stursox's writings, or 
did he not ?—lt he did, —how grosly has he impoſed upon his readers 
by falſe references, aflertions, and infinuations If he did not, — how 
vain was the man to ſet himſelf up for a Commentator ! 

He has ſaid (pa. 4 of his Audit. Rem.) that Mr. StmesoN did not 
know the uſe of his own theorems ! Will he ſay fo of Mr. STiRrL1x6 
(becauſe the latter, like the former, has not been diffuſe in examples) ? 
and tell the world, that neither he, nor any other perſon, ever thought 
of applying the above propofitions as I have done ? 

There is an elegance in Mr. Srixlixc's propofitions which pleaſes 
me much: and I believe I may venture to aſſert, that every ſeries of 
the claſs we are conſidering (whether with ſigns all poſitive, or alter- 
nately pofitive and negative) which can be ſummed algebraically, may 
(without any idea of /fuxions} be ſo ſummed by his method. —When 
the ſeries propoſed is incapable of algebraic ſummation, his method (it 
is well known) tranſmutes it into another ſeries converging more ſwiftly 
than the original one: whereas the ſum, by other methods, may then 
be affigned by means of circular arcs and logarithms ;—but by none 
other ſo readily as by Mr. Simeson's method. — Which, as well as Mr. 
STIRLING'S, is an original method; wherein the manner in which the 
ſeries may be produced (by repeatedly taking fluents and fluxions) 
is not conſidered, as it is in Mr. De Moivsxe's method; which is alſo 
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an crigina one. Tt is after this laſt mentioned method (which Mr. Dx 
Moirvse had not carried to any confiderable length) that Mr. LoROGNA 
has proceeded ; and carricd it to a greater length, by means of the 
equation ff. TX =wx — ft. = (made uſe of by Mi. De Morvas) : but 
he has not given a gencral theorem, like Mr. Stursox's; nor 1s his 
manner of evolving the value of the fluential ariſing in the proceſs ſuch 
as any analyſt of judgment would chuſe to purſu', who may have ob- 
ſerved how much more caſily and perſpicuoufly the defired concluſion 
may be obtained by Mir. Siirs0N's method. 

We find no boaſts in Mr. SrirxLixG's and Mr. Sixtrsox's Looks, 
about the algebraic ſummation of ſeries, though they have given genc- 
ral theorems for any number of factors; whilſt Mr. Lorcxa has only 
given a few particular theorems, wherein the number of factors in the 
denominators of the terms of the ſeries does not exceed pour. 

The world, I verily believe, cannot produce another mathematical 
book ſo ſtuffed with boaſts, and mitrepreſentations, as Mr. CLarke's is! 
And his remarks upon my O!ſervations are not leſs extravagant than 
the paſſages laſt alluded to :—ſurely, for perverſe cavil and rancorous 
railing, nothing that ever was called reaſoning can equal them ! 
Sometimes the man's reaſon ſeems to be entirely loſt in furious paſſion, 
that vents itſelf in the moſt illiberal reflections and ſpitetul ſuggeſtions! 
which indeed, being of no weight in the balance of truth, are to be re- 
garded only as bubbles blown up by the breath of malice. 

But all this fury may be eafily accounted for. Enough, it ſeems, 
has happened to the poor man, to diſturb his mind, and put him out of 
remper ! He has been a candidate for an honour, of which he was not 
thought worthy ! and in the rage of diſappointment he attributes his 
want of ſucceſs to my adverſe influence !—whereas, the truth is, I even 
did not know any thing of the attempt alluded to, until the fatal 
evening was paſt that blaſted his hopes. | 

It is a plain proof that his reaſon is not perfectly right, to ſuppoſe 
that I could wiſh to have been named with others (in his Preface) 

merely 
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merely to be degraded (as thoſe others ſhamefully are) by a compari- 
ſon with Mr. Lorcxa, who is (there) repreſented as ſurpaſſing them 
all very greatly :—with what truth, my Obſervations perhaps may aſſiſt 
the reader in judging, 

The remarker takes care to let us know, that his author is a great 
man, a gentleman and a ſcholar; and to give us broad hints, that he 
thinks himſelf of ſome conſequence !—But what 1s all that, to the de- 
termining the merits, or demerits of the work in queſtion ?-A man 
may be reputed a gentleman and a ſcholar, and at the ſame time not 
know much of the doctrine of ſeries.— For my part, I am fo little dit- 
poſed to trouble the public with any account of myſelf, that I ſhall 
only in one reſpect ſay, not what I am, but what I am not :—I am 
not ſo indifferent in the cauſe of Truth and Science, as to forbear cen- 
ſuring a book, when I find it contains only pretended improvements 
inſtead of real ones z even though the writer of it ſhould happen to be a 
finer gentleman, and a greater ſcholar than the author, or commenta- 
tor, ſo often alluded to. 

I ſhall only make a few more obſervations on our enraged commen- 
tator's frothy remarks, and then leave him to his own meditations. 

The transformation of the general theorem, ſo as to diſcover the cri- 
terion of algebraic ſummation, being performed by Mr. Stursox, in a 
peculiar manner, in his 4th propoſition ; (that is, by taking as many 
terms of his ſeries S as may be requiſite, and comparing the remaining 


. 1 2* 1 2 
terms with the ſeries F 20g 7 &c. 7 77 &c. &c.); the commen- 


tator is reduced to this dilemma, either to confeſs that my theorems 
(alluded to in his iſt Object. in his Suppl.) may be deduced from what 
Mr. Siursox has done in his Diſſertations, without adopting the ſame 
method of procedure as laid down by Mr. Lorena, or that this laſt 
mentioned gentleman has followed Mr. Siursox in his method of 
procedure ! 

G And 
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And I have, in my Obſervations, not only ſhewn Mr. LonexaA's eri- 
terion, or indubitable mark of algebraic ſummation, to be defective in 

two inſtances ; but, in my nal remark there, I have given a rule, or 
rules, for finding many more ſuch inſtances: and in my Appendix, I 
have farther pointed out its defects; and have proved, that there are 
innumerable caſes wherein ſuch ſummation is poſſible which will not 
be diſcovered by his imperfect (pretended indubitable) mark. 

Yet, notwithſtanding the proofs are fo plain, the cavilling remarker 
(in his Audit. Rem. pa. 4, 5,) determined to contradict every thing I 
advance (wrong or right, no matter which !) has attempted to evade 
the force of thoſe conclufions, in his uſual manner, by malapert de- 
clamation, without even a ſhadow of argument !—And, in the fame 
manner, he runs on, at pa. 7, in contradiction to what I have faid of 
his note, pa. 45 of his Supplement, which I have afferted is unneceſ- 
ſary: and fo it certainly is. For p may be always ſuppoſed the leaſt 
of the quantities p, q, 7, &c. and being fo, when 1 is equal to, or 
greater than p, m muſt be =p.,—In other caſes m may be taken at 
pleaſure, under the reſtrictions mentioned pa. 6 of my Appendix. —The 
remarker frivolouſly contends, that q, or r, &c. may (as well as p be 
ſuppoſed the leaſt of the quantities p, q, 7, &c. So it may be: but 
the ſuppoſing p to be the leaſt is ſufficient, and therefore any other 
ſuppoſition is unneceſſary. 

When I had ſhewn ſome of Mr, LoxcNaA's theorems to be ill ex- 
preſſed and defective, his commentator, inſtead of abiding by the aſ- 
ſertion, that nothing more could be expected, or wiſhed for in the 
doctrine of ſeries, ſet himſelf to write a Supplement, and to make ſome 
improvements upon what his author had done !—and we have ſeen 
what wonderful improvements he has made! After writing a great 
deal at pa. 5, 6, (as his author had done before, pa. 97, 98, 99) about 
ſumming ſuch ſeries as 
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$25 _ 7:35 , 945 _ 
1.8.10 4.10.14 + 3-12.18 * 


10.12 112.19 + 14.26 _ c. 
7.13.24 9.15.38 11.17.52 

as examples of ſeries whoſe terms conſiſt of two factors in each nume- 
rator, and three factors in each denominator ; he leaves us to make 
what we can of his futile remarks, with the ſatisfaction of knowing, 
that ſuch ſeries are nothing at all to the purpoſe ; being no other than 


= Ys 
* 8.23 13.28 + 18.33 _ 


5 6 1 


7.13 g.is © 11.17 


which, having but one factor in each nurgerator, and ue factors in 
each denominator, relate to a preceding ! 


And, preſently after, he gives us other ſhallow, infignificant re- 
marks (pa. 6, 7, of his Suppl.] as I have obſerved, pa. 14 of my Ap- 
pendix—Upon thoſe laſt mentioned remarks, the remarker exclaims 
(pa. 14 of his Aadit. Rem.) that I have endeavoured to caſt an odium. 
— It is true, I have cenſured them; and they deſerve cenſure, being 
not only fhaliew and infignificeut in one reſpect, but even in another 
reſpect abſolutely falſe /—as are his remarks, pa. 3 of his Suppl—His 
additional remarks (pa. 15, 16) by which he meant to explain thoſe 
other, likewiſe deſerve the ſame cenſure ! 


If his firſt ſuppoſition, E > =0, be true; his ſecond ſuppoſi. 


0 — 1 
— =" =6, can only be ſo when X* is 21; and all his 


reaſoning reſpecting other values of X is falſe ! 


tion, 


The 
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The requiſite conditions are not, that 
* and = be poſitive integers, 
PX » 1 R 


ant oor ol 2 ob Bank, 
as he erroneouſly makes them : but that 
- and = be poſitive integers, 
and, at the ſame time, 
PX ” Q_ 3 P Q R 
GW + = = 0% ns —— ! =D 


Surely then we may conclude, that he was nat a lilile puzzlef, when 
he wrote the remarks in his Supplement, and even whilſt he was at- 
tempting to explain them by his additional ones !—Ridiculous indeed, 
for a man to ſet himſelf up for a guide through intricacies, of which 
he has ſo little knowledge, as to be bewildered the moment he ſteps 
out of the common way! 

A general and certain method of determining the caſes of algebraic 
ſummation is pointed out in the Final Remark in my Ob/ervations :— 
the equating the coefficients for that purpoſe (as mentioned in his 
Addit. Rem. pa. 16) cannot always be perfectly ſatisfactory, as that 
proceſs may ſometimes prove fallacious ;—eſpecially if managed with 
ſo little {kill as he has ſhewn in his puerile attempt juſt now expoſed. 

The commentator, in his Supplement, having, with reſpe& to the 


= N 22k 2] A Lek. &c. aſked, ©* what Author be- 


ſeries —— 
PPP(k) p+rp+1p+1(k) 

ce fides Mr. Lorcxa hath ever ſhewn, in a general manner, the impoſ- 
ce fibility of the ſummation in the former caſe (that is when x is = 1); 
and the conditions or neceſſary relation of the factors for the alge- 
dc braic ſummation in the latter” (that is when x is =— 1); I conſi- 
dered the two parts of the queſtion diſtinctly, as two queſtions. The 
doing ſo, the cavilling remarker calls garbling.” And, though he ſeems 
to admit, that what I have faid to the firſt part is true; yet he carps, 
in his uſual manner, at my reply to the ſecond part : which reply runs 

thus, 
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thus, © unfortunately it does not appear, that Mr. LonoNna has given 
* any general theorem reſpecting the ſummation of the ſeries alluded 
© to, when x is =—1!” An aſſertion ſtrictly true ;—and to which I 
ſhould have added, —only the two caſes wherein k is not greater than 3 are 
conſidered by him ; and even in one of thoſe caſes he has betrayed bis igno- 
rance of that very relation of the factors which bis puzzled commentator 
ſpeaks ef, as 1 have already ſhewn / 

The remarker, with regard to the ſeries laſt written, ſays, i in his 
Audit. Rem. pa. 21, © nothing can be more obvious than, in Mr. 
& Lorcxa's proceſs, there will always finally reſult, in the * of the 


” (rather 


4c number of fafors under conſideration, the term ＋.— 
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ce ſign in bg . and is therefore infinite when x is ; but 
te when the ſigns are + and —, the lower ſign is uſed, and the expreſ- 
tc fion to which it appertains becomes an algebraic quantity when = is 
cc an odd number. Now it is obſervable, he takes no notice of the 


cocfhcient* of his term =; ; Which, it was incumbent on him to 


© which, when the figns are +, requires the upper 


have ſhewn, from what appears in Mr. Loxcxa's book, can in no caſe 
be Zo, when x is =1. It was alſo neceffary, that he ſhould have 
ſhewn, why the ſummation is not always algebraic when the differences 
(of the factors in the denominators) are all odd numbers, and the figns 
+ and — alternately; as, from what he ſays, the reader would be led 
to infer, that it always muſt be /o, in that caſe.— And it would not 
have been amiſs, if he had ſhewn what will be the conſequence, with 
reſpect to ſuch ſummation, when thoſe differences are ſome of them 
even and ſome of them odd numbers. But it ſeems, ſuch explanations 
are beyond our dabbler's depth ! 


* It ſeems indeed, by what he ſays pa. 20, that he believes it will akvays be= 1; 
but ſurely he cannot be quite /o ignorant ! 


H appears, 
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From Mr. Stursox's proceſs, by a pure algebraic inveſtigation, it 


appears, that, when h is leſs than &—1 ; and the values of A, A, A, 
&c. are as N at pa. 22 of my Appeudlix; 


A+A+A ) is always = 
and that, when the values of A, A, A, &c. are as . at pa. 20, 


A+A+A (&) is always = 1. 
Which equations (by means whereof the new theorems at pa. 20, 21, 
22 of my Avpendix are deduced) are perhaps the moſt uſeful ones we 
can obtain reſpecting the relation of the coethcients of the terms in the 
general value of the ſeries under conſideration. Are thoſe equations 
indicated by Mr, LorcxA's method? or can they be obtained thereby, 
otherwiſe than by a tedious, unſatisfactory induction? 


" at + 
Abe =© — 9.3 — of: 43 FSR. 
4? Pl * 
1 D 5. 55 
p- Ps 7 —p be any pofitive integers; the ſeries 
222 5 2 4 a+2.b+2.x* * 
PPP P TI. pT I. 41 P+2-Þ+2-P+2 


will be = 25 x A + Ax Ar . — 


Where, when x is = 1, A+Az— AT! will be = 1. Therefore, 
it is manifeſt, the ſame expreſſion will be likewiſe = 1, when p— Ps 
5 being even numbers, x is =— 1, 


If, x being = — 1, eren an even number, and 5 an cdd num- 
ber, x? x the 


— „in the vyaluc of Q, will be 
_ 
A+A 
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A+A- A=2A+2A- 1, ſeeing that A+A+A is 1. Conſequently, 


that the cocfhcient of f. _ 


may vaniſh, and the value of the ſeries 


Q be expreſſible in algebraic terms 2A+2A—1 muſt be = e, and 
AAS; or, which comes to the ſame thing, AZ. Moreover, 


if 55, Þ—p be both dd numbers, x? x the coefficient of . e, 


when x is = — 1, will be A- A- A; and conſequently, that it may 


vaniſh, A muſt be ; or, which comes to the ſame thing, A+A=Z. 
And the theorem, in theſe caſes, may ſtand as at pa. 20, 21 of my Ap- 
pendix, when k is there taken = 3 : which, without any defect, will 
comprehend all the poſſible caſes wherein the value of Q may be ex- 
preſſed a/gebraically. 

In this eaſy, conciſe manner, is the theorem inveſtigated by Mr. 
StwesoN's method !—Is Mr. CLarkE's method of inveſtigating the 
ſame theorem to be compared with this, for facility, perſpicuity, and 
elegance ?—Surely it is not. He himſelf, if he has a ſpark of can- 
dour, muſt acknowledge how much ſuperior this method is to his ! 
eſpecially when he counts the number of pages e has filled in his 
Aqddit. Rem. in deducing the fame reſult. 

With regard then to the obtaining theorems for the alzebraic ſum- 
mation, when the relation of certain coefficients is to be conſidered, 
Mr. Siursox's method is manifeſtly much ſuperior to Mr. Lozcxa's : 
and, I preſume, I have clearly proved, that, in no reſpe& whatever, 
is the latter ſuperior to the former. 

Thus have I ſhewn, that our pert, pedantic commentator, to mag- 
nify the aſſumed importance of his paltry production, has fallaciouſly 
cried up (in diſparagement of the works of others) a method as intirely 
neto and much mcre general than any other on the ſame ſubject! has un- 
juſtly imputed impropricty and narrowneſs to Mr. STIRLISG's and Mr. 

SIMPSON'S 
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Stursox's methods! and has afferted other arrant falfities reſpecting the 
impoſſibility of algebraic ſummation by any method that had appeared 
Prior to his author's ! 

Surcly theſe are facts that ought to be expoſed, to do juſtice to the 
memory of the dead ! And the boaſter, I think, may be heartily 
aſhamed, that he has given occaſion for theſe animadverfions ! 

Let him then ceaſe his vaunting, and ſneak off in filence !—The 
mathematical world will now judge in what eſtimation he and his 
catch-penny publication ought to be held; and will cenfure, according 
to his demerits, the man who, by ſuch zetorious miſrepreſentations, has 
rendered himſelf obnoxious to public DiscracE ! 


END or rREZ SUPPLEMENT. 


Ek R RAT u M. 
Page 4, line 5, for 2, 3, 4, read 7, 8, 9. 
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AVING lately ſeen Mr. Lorcxa's original book on Series, and 
compared it with the Tranflator's book, I noted therefrom the 
following particulars. 


1. Mr. LoxenA's Title is Specimen de Seriebus Convergentibus.” 
— Which is proper. | 

His Tranſlator calls the Work, —** A Differtation on the Summation 
© of Infinite Converging Series with Algebraic Diviſors : exhibiting a 
Method, not only entirely new, but much more general than any 
other which has hitherto appeared on the ſubject !” 

Which is an emp:y Loa, and therefore big hy improper ! 

2, Mr. Loxcxa concludes his Preface with theſe words, “ Siquid 
<« Serierum doctrinæ exinde accedat incrementum, finesque proferan- 
stur, viderint qui rerum æſtimatores, fi quos hec noſtra perlegere 
non piguerit.”— Which are not improper. 

His Tranſlator ſays,—* I think we may ſafely conclude with our 
© Author, that nothing more can now be expected or wiſhed for in the 
« doctrine of Series; being brought to its greateſt perfection.“ 

Which ſurely is ſuch al ſurd bombaſt as a man, who really knows any 
thing of that doctrine, would be aſhamed to write! 


3. Mr. Loxcwa, ſpeaking of the 1 &c. 


ſays of Mr. STIRLix6,—** quæ quo pacto ſummari poſſit ex præcla- 
* rifimo auctore non apparet.” 

Which is true, if only meant to note the omiſſion of that ſeries as a 
particular example. 

His Tranſlator tells us, —* The ſummation of this ſeries is ſaid to 
© be impoſhble by Stirling, and ſeveral other authors.” Which is xot 
true. See pa. 10 of this Suppl, 

1 4. Mr. 
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4. Mr. Longxa, treating of ſeries with four factors in each denomi- 
nator (the numerators burg cach = 1) fays,—quz vero ſignis affici- 
4c untur altcrnantibus erunt Algebraice ſummabilis, ſi +, „ ü rucrint 
& integri pares.“ Which 15 true. 

His Tranſlator ſays,.—“ But if the figns be alternately + and —, 
4c the ſummation cannot be fo cxhilited, unleſs , @, and à be ever 
dcn hole numbers —Which is net tric: for the ſummation may not 
only be always exhibited age“ raical'y when x, w, and ò are even whole 
numbers; but ic may ſoactimes be / exhibited when +, e, and d are 
not cen whole numbers: as is ſhewwn in my O//ervat. and A pend. 

5. Mr. Lox6xa no where mentions Mr. Stwuesox ; nor does it ap- 
pear, that he had read his Diſſe-t4t;ons :—He therefore cannot be fail 
to have depreciated that work particularly. 

His officious Tranſlator names Mr. Stwesow expreſſly ; miſrepreſen:s 
a paſſage in his book; and diſparages his method, by imputing imprc- 
priety and narrowneſs to it. 

If the Tranſlator had followed his Author more faithfully, without 
foiſting a new Title to the work, and the name of Mr. Stwesox into his 
preface; he would have rendered his book leſs objectionable, and 
himſelf leſs reprehenſible. 
zx+ It is truly remarkable, that about one fourth of the examples in 
both the original and tranſlation are materially wrong - even thoſe are 
ſo (at pa. 66) which the tranſlator imagined he had corrected ! 

If the tra ation be not worth reading for the inſtruction it can af- 
ford; ſome collectors of rarities may however think it worth preſerving 
as a curiofity, being perhaps the moſt extraordinary production of the 
kind for puffs and blunders ! 


POSTCRIPT. 
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HAVE, in the Poſtſcript to my Avpendix, truly declared, that 1 

had not ſcen certain works mentioned in Mr. CLARKE's Supplement; 
and I now, with the fame regard to truth, and the fame confidence 
that I thall be belicved by every man of character and reputation, 
make a farther declaration reſpecting my knowledge (or rather want of 
knowledge) of what may have been done by foreigy mathematicians. 
I have not read any (not even fo much as one} of the Ada Zr:dito- 
to ur of the fore.gu Diaries; or of the Hiſtories, Memoirs, Jour- 
nals, Als, Tranſactians, or Commentaries, of any of the foreign Acade- 
mies, or Societies: But I would be underſtood to except ſuch papers, 
or eſſays, as may have been reprinted and inſerted in the few volumes 
which I have of the works of PRESsTET, Ozanam, Huvrcexs, Joan 
and Dax1EL BErNouLLi, L'Hosrrar, Biox, FoNTEXELLE, Bov- 
GAINVILLE, EULER, and D'ALEMBERT. 

The Father of lies himſelf could not ſuggeſt a reflection more unjuſt 
than that in Mr. CLARK Es Adiitional Remarks and Pc? c:ipt, reſpecting 
the information he wiſhes the public to believe I have derived from 
the writings of foreign authors /—The man who can ſo baſely attempt 
to detract from the reputation of another, out of mere ſpite, without 
any ground for the opinion he endeavours to propagate, muſt be ve 
indeed ! and ſhame will be his portion ! 

Igncrance might have been pleaded in excuſe for the miſrepreſenta- 
tions which I have expoſed in his work, if his exceſſive vanity had not 
prompted him to wave that plea, and truſt to his effrontery: but no 
plea can be offered in excuſe for the baſeneſs of diſpoſition manifeſted in 
thus aiming ardently to propagate the groundleſs infinuations juſt now 
alluded to ;—he here ſtands, without excuſe, an object of cenſure and 


v6n'empt / 


His 
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His impertinent, idle conceit, reſpecting a meeting in a future ſtage 
of exiſtence, renders him, if poſſible, ſtill more contemptible !—1I 
might predict, perhaps from principles not without foundation, that 
real heroes in mathematical literature (even thoſe whoſe works I 
may have occaſionally cenſured) will there take me by the hand, 
as a genuine friend to Truth and their favourite Science ; whilſt they 
turn their backs on him, as a baſe counterfe:t unworthy of their regard. 


